REFINED ANALYTIC TORSION AS AN ELEMENT OF THE DETERMINANT 

LINE 

MAXIM BRAVERMANt AND THOMAS KAPPELER* 

Abstract. We construct a canonical element, called the refined analytic torsion, of the determinant line 
of the cohomology of a closed oriented odd-dimensional manifold M with coefficients in a flat complex 
vector bundle E. We compute the Ray-Singer norm of the refined analytic torsion. In particular, if there 
exists a fiat Hermitian metric on E, we show that this norm is equal to 1. We prove a duality theorem, 
establishing a relationship between the refined analytic torsions corresponding to a fiat connection and 
its dual. 
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1. Introduction 

The aim of this paper is to define the notion of the refined analytic torsion associated to an arbitrary 
vector bundle E M over a closed oriented manifold of odd dimension d = 2r — 1 and an arbitrary 
flat connection V on E. The refined analytic torsion pan = /Oan(V) is an element of the determinant line 
Det (^H*{M, E)) of the cohomology of the bundle E. If dimM = 1 (mod 4) or if the rank of the bundle E 
is divisible by 4, then pan(V) is independent of any choices. If dimM = 3 (mod 4) then pan(V) depends 
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on the choice of a compact oriented manifold N, whose oriented boundary is diffeomorphic to two disjoint 
copies of M, but only up to a factor i*'''^^^ [k ^1). 

The Ray-Singer norm of the refined analytic torsion is equal to e'^^™'', where r] is the ?7-invariant of 
the Atiyah-Patodi-Singer odd signature operator B associated to V and a Riemannian metric on M . In 
particular, if the connection V is Hermitian then r/ is real and the Ray-Singer norm of /9an(V) is equal 
to 1. This property justifies calling Pan(V) the refined analytic torsion. Indeed, the Ray-Singer torsion 
can be viewed as an element of the determinant line Det (iJ*(M, E')) whose Ray-Singer norm is equal to 
one. Such an element is defined up to a multiplication by t g C with \t\ = 1. The refined analytic torsion 
/Oan(V) is a canonical choice of such an element. 

If the connection V is acyclic, i.e., if the cohomology H*{M,E) — 0, then Det (^H'{AI,E)) is canon- 
ically isomorphic to C and the refined analytic torsion is a complex number. Under the additional 
assumption that B is bijective, this number was introduced and studied in jHllSl- In this paper we drop 
this assumption and define the refined analytic torsion for arbitrary flat connections and compare it to 
the Ray-Singer torsion. Recall that in we also computed the quotient of the refined analytic torsion 

and Turaev's refinement of the combinatorial torsion (see also 1111 for related results). In our subsequent 
paper [Jj, we extend this computation to arbitrary fiat connections. 

Having applications in topology in mind Dan Burghelea suggested constructing a holomorphic function 
on the space of acyclic connections, whose absolute value is (related to) the Ray-Singer torsion. Such 
functions were constructed by Burghelea and Haller in j^^] and also in our papers jSJEj. The results of 
the present paper fit nicely into this program. In fact, in [3, we show that the refined analytic torsion is 
a holomorphic section of the determinant line bundle over the space of flat connections (or, equivalently, 
over the space of representations of the fundamental group of M) . Thus we extend the construction of 
iniE] to general, not necessarily acyclic, connections. 

Let us now briefly describe our construction of the refined analytic torsion. 

1.1. The refined torsion of a finite dimensional complex. Let 

{C',d): ^ C" — ^ — ^ ••• — ^ ^ (1-1) 

be a complex finite dimensional C- vector spaces of odd length d — 2r— 1 . A chirality operator F : C* — s- C" 
is an involution such that r(C^ ) — C^^^ , for all j = 0, . . . , d. As a first step towards our construction of 
the refined analytic torsion we introduce and study the refined torsion of the pair (C",r). Consider the 
determinant line 

d 

Det(C") := (g) Det(C^)(-i)', 

3=0 

where Det(C^)^^ :— IIom(C-', C) denotes the dual of . For an element Cj € Det(C^) we denote by cj^ 
the unique element in Det(C^)~^ satisfying cj^{cj) = 1. We also denote by Tcj G Det(C"*~-') the image 
of Cj under the map Det(CJ) -> Dct(C"^-^) induced by T : ^ C^"^ . 

For each j = 0, . . . , r — 1, fix an element Cj E Dct(C^) and consider the element 

Cp := (-l)^(c-) . Co (S, c^^ (g, ■ ■ ■ (g, c^~_Y'' (g) {Tcr-iY~^^^ (Fc^_2)(~^)'"' g) ■ ■ ■ g) (Fcq)"^ 

of Det(C*), where (— l)^*^*-^ ^ is a normalization factor introduced in l|4.1|l . It is easy to see that Cp is 
independent of the choice of cg, . . . , Cr-i- 
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Denote by H'{d) the cohomology of the complex {C*,d). In Subsection 12.41 we construct a sign 
refined version of the standard isomorphism Det(C*) Det{H*{d)), cf. 18^. Our isomorphism ipc ■ 
Det(C*) — > Det{H* (d)) is similar but not equal to the one considered by Turaev |27| . 

Definition 1.2. The refined torsion of the pair (C*,r) is the element 

Pr - Per - ^C'iCr) G Det(i/'(9)). 

1.3. Calculation of the refined torsion of a finite dimensional complex. To compute the refined 
torsion we introduce the operator 

B rd +dr. 

This operator is a finite dimensional analogue of the signature operator on an odd-dimensional manifold, 
see P p. 44], [2 p. 405], pp. 64-65], and section 7 of this paper. For j = 0, . . . ,d, define 

C| ~ Ker(aor)nC^ := KcrdnC^ 

and set C^^ = Cl^^ = 0. Let Bj and Bf denote the restriction of B to and Ci. respectively. Then, 
for each j — 0, . . . ,d, one has 

B+ ^ Tod: Ci ^ C^"'"\ B- = doT: Ct-'+\ 

Denote C^" 0^. C^" 0, even Ci- Set 

K? K? . /^cvcn y^cvcn K?ib K?i . /^cvcn i^even 

"even •— XJ^ • ^ O , "even vf J ' ± ± ' 

j even j even 

and define Sodd, 'B^dd similarly. As /Seven = F o Sodd ° T, it turns out that it suffices to study /Seven- 
Suppose, first, that the signature operator B is bijective. Then, cf. Lemma IF?^ the complex (C*, d) is 
acyclic. Hence, T)et{H*{d)) is canonically identified with C and the refined torsion can be viewed as 
a number in C. In Proposition 15 . 61 we compute this number and show that 

Pr — I-^Gtgi- (^even) 1 

where the graded determinant Detgr (Seven) is defined by the formula 

Detgr(Seven) =^ Dct (S+ Dct (-^even) • 

Note that in our definition of the graded determinant the quotient is the determinant of the negative of 
B~ 

To compute the refined torsion in the case B is not bijective, note that B^ — (F9)^ + (9F)^ maps 
(j = 0, . . . , d) into itself. For each j = 0, . . . , d and an arbitrary interval X, denote by Cj C the linear 
span of the generalized eigenvectors of the restriction of B^ to C^ , corresponding to eigenvalues A with 
|A| G I. Since both operators, F and 9, commute with B (and, hence, with B^), F(C^) C C^-''' and 
a(C^) C Ci+\ Hence, we obtain a subcomplex Cj of C and the restriction Fi of F to C* is a chirality 
operator for Cj. We denote by H'{d) the cohomology of the complex (Cj, dj). 

Denote by dx and Bj the restrictions of d and B to C'. Then Bj — Txdx + dxTx and one easily shows 
(cf. Lemma 15.811 that (C*, dx) is acyclic if ^ I. 

For each A > 0, C" = C^^ -^^ © C^x.co) and H^x,oo)i9) = whereas -ff[o,A](^) - -^'(9). Hence, there are 
canonical isomorphisms 

$: Det(il(\_^)(9)) ^ C, ^ : Det(fffo (9)) — > Det(i?-(a)). 
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In the sequel, we will write t for <i>(t) G C and denote by h also the element ^'(/i) G Det{H'{d)). Then, 
cf. Proposition 15 .101 for any A > 0, the refined torsion can be computed to be 

= Detgr(%,oo)) -Pn^^ ■ (1-2) 

[U, AJ 

In particular, the element Detgr(i8(A_oo)) ■ Pr independent of A. It is this property which allows us 

[0, A] 

to define the refined analytic torsion. 

1.4. The canonical element in the determinant line of the cohomology of a flat vector bundle 
over a Riemannian manifold. In the second part of this paper (SectionsEJOJ we apply the notion of 
refined torsion to define and investigate the refined analytic torsion of the (twisted) de Rham complex. 
Let £' ^ M be a complex vector bundle over a closed manifold of odd dimension c? = 2r — 1 and let V 
be a flat connection on E. Let ri*(M, E) denote the de Rham complex of valued differential forms on 
M. For a given Riemannian metric on M denote by 

r = T{g^^) : n'{M,E) — > n'{M,E) 

the chirality operator (cf. 3 , §3]), defined in terms of the Hodge ^-operator by the formula 

Tuj := r(-l)^^ * LU, ijj£n^{M,E). 

The odd signature operator introduced by Atiyah, Patodi, and Singer ^ E] (see also ^J) is the first 
order elliptic differential operator B : ^1*{M, E) 57' (Af, E), given by 

6 =^ rv + vr. 

Notice, that B^ maps f2-' (A/, E) into itself for every j = 0, . . . , d. 

For an interval I C [0, oo) we denote by r2j(M, i?) the image of the spectral projection of B^ cor- 
responding to the eigenvalues whose absolute value lies in X, cf. Subsections 16.101 and 17.51 for details. 
The space J7^(M, E) contains the span of the generalized eigenforms of B^ corresponding to eigenvalues 
whose absolute value lies in X and coincides with this span if the interval X is bounded. In particular, if 
X is bounded, then the dimension of rij(M, E) is finite. Note that, since B^ and V commute, the space 
f2j(M, E) is a subcomplex of the de Rham complex ri'(Af, E). 

For each A > 0, we have 

n'{M,E) = n'^, .^^{M,E) (Bni^^^^{M,E). 

The complex il'^^^{M,E) is clearly acyclic. Hence, the cohomology H'q-^^{M,E) of the complex 
i7*Q^j(M, i?) is naturally isomorphic to the cohomology H'{M,E) of fl*{M,E). Further, as F com- 
mutes with B^, it preserves the space ri[o,A] {M, E) and the restriction Fj^ of F to this space is a chirality 
operator on fi'^ ^j(M, i?). 

To define the refined analytic torsion we need to introduce the notion of a graded determinant of B. 
For every interval X C [0, oo) and for each fc = 0, . . . , d, set 

n'l j{M,E) :== Ker(VF) n n^{M,E) = (F(Ker V)) n VL^{M,E); 

Vtt^xiM^E) := Ker(FV) n n^iM,E) = Ker V n ^1^{M,E). 

If ^ I, then, clearly, 

n^{M,E) = n'l^j:{M,E) (Bflt^iiM^E). 
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The latter decomposition is considered as a grading on flj{M, E). As both, F and V, commute with S^, 
we conclude that for all j = 0, . . . , d, 

V: f7^_2:(M,£:) — > n'^^{M,E). 

Denote by Sj^^^ and B^^^^ the restrictions of B to f7°™"(Af,£:) := 0plj f^|''(M, i^) and 
^cvcn,±^^^^^^ := QlZ,ln'^Pj-{M,E), respectively. 

Let 6 G (— TT, 0) be an Agmon angle for B-^, cf. Definition l6.3l For each T with ^ T define the graded 
determinant of the operator B^^^^^ by the formula 

Detg,,e(eL„) Dete(S+i)/Det,(-S-vi), (1-3) 

where Detg denotes the ^-regularized determinant, cf. Sections |H1 and [T] for details. One verifies easily 
that for any < A < /i < cxd, 

Detg,.,,(S(^i-)) = Detg,.e(S(^'^5l)-Detgr,e(S((;--)). (1.4) 

For any given A > 0, denote by p-^ the refined torsion of the finite dimensional complex (M, E) 
and the chirality operator F^^ . In view of (|1.2|l and , the product 

p - p(V,.g^O := Dctg,,,(S(^--)).p e Det{H'{M,E)) (1.5) 

is independent of the choice of A > 0. It is also independent of the choice of the Agmon angle 9 G (— tt, 0) 

of ^cvcn- 

1.5. The metric anomaly of /9(V, 5*^). The element p(V, g^^) is very close to our notion of the refined 
analytic torsion. However, in general, it is not a differential invariant of the flat bundle E^ since it does 
depend on the choice of the Riemannian metric g^ . To compute the metric anomaly of /9(V,g*^) we 
show (cf. Proposition that 



d 



j=0 

Here 



where 9 G (— 7r/2, 0) is an Agmon angle for B such that there are no eigenvalues of B in the solid angles 
L{~Tv/2,e] and L(^^f2,e+Tr], 



is the ?7-invariant of Kovc^^ , and 



:= dimr!j„ ,^](Af,£;). 

We then analyze the dependence on the Riemannian metric separately for • pp and rjx. The 
metric anomaly for r]x has been already computed by Gilkey |14| . Using his result, we compute the 
metric anomaly of p(V, g*'^). The refined analytic torsion is then defined by correcting p(V, g*'^) by its 
anomaly. More precisely, we prove (cf. Theorem 19. ()|) the following 
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Theorem 1.6. Let E be a flat vector bundle over a closed oriented odd- dimensional manifold M and 
let V denote the flat connection on E. Let N be an oriented manifold whose oriented boundary is the 
disjoint union of two copies of M . Then the product 

p(V,5^^) • e""^ ^" i(p.9'') e V>el{H'{M,E)), (1.6) 

is independent of the metric g^^. Here L{p,g^^) is the Hirzebruch L-polynomial in the Pontrjagin forms 
of any Riemannian metric on N which near M is the product of g'^^ and the standard metric on the 
half-line. 

In particular, i/ dim Af = l(niod 4), then Jj^ L{p, g'^^) — and, hence, p{W , g^^) is independent of g^^ . 

1.7. Definition of the refined analytic torsion. We now define the refined analytic torsion pan — 
/Oan(V) to be the element of I)et{H'{M, E)). 

The refined analytic torsion is independent of the choice of the Agmon angle 6 G (— tt, 0) and of the 
metric g^^ . It does depend, however, on the choice of the manifold N, but only up to a factor j'^ i'ankB 
(fc e Z), cf. the discussion at the end of Subsection 19.4.21 If dimAf = l(mod4), then pan = 
and Pan is independent of any choices. 



1.8. The Ray-Singer metric of the refined analytic torsion. Let || • \\Y)tt{H'{M e)) denote the Ray- 
Singer norm on the determinant line 'Det{H' {M, E)), cf. ^ and Subsection 111.21 In Sectional we 
compute the refined analytic torsion associated to the connection V on E dual to a given connection V. 
In Section^] we use this calculation to calculate the Ray-Singer norm of the refined analytic torsion. 
More precisely we prove (cf. Theorem II 1.311 the following 

Theorem 1.9. Let E be a complex vector bundle over a closed oriented odd- dimensional manifold M 
and let V be a flat connection on E. Then 

II „ ||R.S _ TT Im,,(f5„vo„(V,3*0) 

In particular, if W is a Hermitian connection, then the operator Bcvcn{^ , g^^) is self-adjoint, hence, its 
rj-invariant ri{Beven{^ , 9^)) is real, and 

\\Pan\\Y)ct{H'{M,E)) = 1- 

Acknowledgements. We would like to thank Guangxiang Su for pointing out a sign mistake in a 
preliminary version of the paper. The first author would like to thank the Institut des Hautes Etudes 
Scientifiques, where part of this work was completed, for hospitality and providing excellent working 
conditions. 



2. The Determinant Line of a Finite Dimensional Complex 

In this section we review some standard material about determinant lines of finite dimensional spaces 
and complexes and define a sign refined version of the isomorphism between the determinant line of a 
complex and the determinant line of its cohomology similar to the one introduced by Turaev, p7) (see 
also |2H1) and JSI)- We also discuss some properties of this isomorphism. 

Let k be a field of characteristic zero. 
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2.1. Determinant lines. Let be a k- vector space of dimension dimF = n. The determinant line of 
V is the line Det(y) := A^V, where A"y denotes the n-th exterior power of V. By definition, we set 

Dct(O) := k. 

More generally, if y* = V° © © • • • © is a graded k-vector space, we define the determinant line 
of V* by the formula 

d 

Det{V) := (g) Det(y^)(-i)\ (2.1) 

3=0 

where for a k-line L we denote by := Homk(L,k) the dual line. 

If L is a k-Unc and I G L is a non-zero element, we denote by € the unique k-linear map 
L ^ k such that ^-^(Z) = 1. 

2.2. The determinant line of a finite dimensional complex. Let 

iC\d): — ^ ••• C'^ ^ (2.2) 

be a complex of finite dimensional k- vector spaces. We call the integer d the length of the complex (C*, d) 
and we denote by H*{d) 0^^^ H'{d) the cohomology of (C*, 5). Set 

d d 

Det(C") := (g) Det(C^)(-i)', Bet{H'{d)) := (g) Det(fl'^(a))(-i)' . (2.3) 

2.3. The determinant line of a direct sum. For two finite dimensional k-vector spaces V and W we 
define the canonical fusion isomorphism 

IJ.v,w ■■ Det(y) ® Det(W) — > Det(V © W) (2.4) 

by the formula 

Hv,w '■ (ui A t;2 A • • • A Vk) (S) (wi A W2 A • • • A wi) i— > Vi A V2 A ■ ■ ■ A Vk A Wi A W2 A ■ ■ ■ A wi, (2.5) 
where k = dimV, I = dimW, Vj G V, Wj gW. Clearly, 

fiv,w{v(E>w) = i-lf'"'^-'^''^^ iiw,v{w(g)v), v€Bet{V),w€Bet{W). (2.6) 
By a slight abuse of notation, we denote by 

: Det(y)-i Det(W)-i Bet{V®W)-'^ (2.7) 
the transpose of the inverse of Hv,w- It than follows that, for any v G Det(y) and w G Det{W), 

Atv,V(^"^®'^"^) = (A*y,M/(«'» w))"\ (2.8) 
Similarly, if Vi, . . . , arc finite dimensional k-vector spaces, wc define an isomorphism 

/"yi,...,K : Det(yi) (g) • • • ® Det(14.) — > Det{Vi © • • • © V^)- (2.9) 
One easily checks that, for every j G 1, . . . ,r — 1, 

/"Vi,...,K- = MVi,...,y,_i,y,®y,+i,y,+2v..,Vr ° (l ••• 1 (g/xv.-.y.+i 1® •••(?' l) (2.10) 
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2.4. The isomorphism between the determinant Une of a complex and the determinant line 
of its cohomology. Fix a direct sum decomposition 

= ® ® A\ 3^0,..., d, (2.11) 

such that © W = (Ker9) n and B^ ^ d{C^-^) = d{A^-^), for all j. Note that A'^ = {0}. Set 
A^^ — {0}. Then is naturally isomorphic to the cohomology H^{d) and d defines an isomorphism 
d:A^^ B^+\ 

For each j = 0, . . . , d, fix Cj £ Det(C^) and aj G T)et{A^). Let d{aj) G Det(i3-'+^) denote the image 
of Gj under the map Det(>l-') — ^ Det(i3-'+^) induced by the isomorphism d : A^ ^ Then, for each 

j = 0, . . . ,d, there is a unique element hj £ Det(ff-') such that 

Cj t^Bi ,Hi ,Ao{d{a.j^i) ®hj ® Qj). (2-12) 

Define the isomorphism 

(j)c. = (j)(^c',a) ■■ Det(C") — > Det(i/*(9)) ~ Det(i7'), (2.13) 

by the formula 

(/>C' : Co «) cj"^ «) • • • «) 4"^^" ^ (-i)-^(c*) /lo «) /ij-i (g) • • • ® (2.14) 

where 

d 

U{C*) := - ^ dim •( dim + (-1)^+1). (2.15) 

One easily checks that (pc is independent of the choices of Cj and aj . 

Remark 2.5. a. We have 

i 3 
^(-1)^= dimC'^ + (-1)^+1 dim A^' = ^(-1)*^ dimi^^ (2.16) 

fc=0 A;=0 

since both sides of this equality are equal to the Euler characteristic of the complex 

* C° — ^ Ci — ^ • • • — ^ — ^ d{Ai) y 0. 

Hence, M{C') can be expressed exclusively in terms of the dimensions of the spaces and H^{d). 

b. The isomorphism (jic is a sign refined version of the standard construction, cf. ^Hl- The idea 
to introduce a sign factor in the definition of (pc' is due to Turaev p7f . It allows to obtain various 
compatibility properties, cf., for example, Lemma 12.71 and Proposition 15.61 below. Our sign is slightly 
different from |27] but is consistent with 19 . We refer the reader to and JH| for the motivation of 
this choice of sign, based on the theory of weighted determinant lines. 

2.6. The fusion isomorphism for graded vector spaces. Let V ^ (B (B ■ ■ ■ ® and W = 

® ® • • • ® be finite-dimensional graded k-vcctor spaces. The fusion isomorphism 

Hvrw ■■ Det(F*) (g Det(W) — > Bet(y (BW), (2.17) 

is defined by the formula 

^^vrw. ■■= (-l)^(^*^^*' (g) /i(7,!!;„ (2.18) 

q=0 
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where fj,y] — lJ^v^,w^ ^^id jiy] are defined in Subsection 12. 31 and 

MiV',W') := dimyJ' • dimiy^ (2.19) 

0<k<j<d 

The following lemma is a precise analogue of Lemma 2.4 of 

Lemma 2.7. Let (C*,9) and {C*,d) be length d complexes of finite dimensional \s.-vector spaces. Then 
the following diagram commutes: 

Det(C") ® Det(C') '''"'^'^^r Det{H'{d)) <»Det{H'{d)) 

Mr 



•,c»| |A'ff»(a),ff«(a) (2.20) 

t(C" e 

Proof. As in (|2.11|l . write 



Det(C"eC") """"^'i Det(i?'(ae9)) ~ Bet{H'{d))® H*{d)' 



= B^'eff^'eA^ = s^ei/J'eA^ (2.21) 

For each j = 0, . . . ,d, choose 

Cj e Det(CJ), Oj G Det(A^), hj e Det(iJ^), 
Cj £ Det(C^), flj e Det(I^), /i^ e Det{H^), 

such that 

= lJ'Bi,Hi,Ai{d{aj^i)®hj®aj), c.j = {d{aj^i) (g> hj (g> dj) . (2.22) 

Set 

Also denote d = d ® d. Further, set Cj = /i^^ 5j(cj (X" Cj) and dj — fi^j Ai^^i ® '^j)- Then, for all 
j = 0, . . . , d, the unique element hj G Det(_ff-'), satisfying 

= MB..5.,A^(9(aj-i)«)/ij«)aj), (2.23) 

is given by 

hj = (-1)'^™'*'-'^™^'"'+'^"°^'-'^™*"'+'^™^'-'^™^'/^^^^ (2.24) 
Set c := ®j=o "^j ^i^'i define c in a similar way. Then, by definitions l|2.18|l and H2.23|l . 

Mc.,c.(c«5) - {-ir^^'~^'^ ®U Mc^c.fe«c,)(-^)^- = (_i)>t(cvc-) ^.^^ ,(-1)^ (2.25) 
From (|2.23|l and H2.25|l we conclude that 

^c-®c-°/^c-,c-(c®5) = i-^)'^^''''^'^ ®U l^H^rH^^h,®h,)^-^y , (2.26) 

where 

/C(C",C') = AA(C"®C*) + >1(C",C*) 



^ [ dimylJ • dim A^-i + dimiJ^ • dimyl^-i + dimyl^ • dimi?^ (2.27) 



3=0 
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Since, clearly, 

f^H'{a),H'i3)° i^C' «) ) (c «) 5) 



'^""^"''"'^ ^U^^H.,HAh,®h,)'-'^\ (2.28) 



= (_1)A^(C")+A^(C* 

to prove the commutativity of the diagram 12.20|l it remains to show that, mod 2, 
J\f{C'®C') + N{C') + N{C') + M{H\H') + M[C\C') 

d 

= [ dim ■ dim A^-^ + dim W ■ dim A^-^ + dim A^ ■ dim W 

j=o 



(2.29) 



Using the identity 

ix + y)ix + y + {-iy) xix + {-iy) yiy + {-iy) 



x,2/ek, jeZ>o, (2.30) 



we obtain 



Af{C*(BC*) - N{C*) - N{C*) = ^ dimA^' -dimA^ 



(2.31) 



3=0 



On the other hand, using (|2.21|) and the equalities dimA^ ^ ~ dimi?^ we see that the following 
equality holds modulo 2 



diniAJ • ( dim A^-i + dimiJ^ ) 



d 



1^ dim A^ ■ dim A^ ^ + dim A^ ■ dim 

j=o 

d 

= Y dim • ( dimi^ + dimC^ ) = ^ dim • diml^ + ^ dimA^ • dimC^. (2.32) 

j=0 j=0 j=0 

By (ITTHt . 



dim A^ = Y { dim H'' + dim C'' 

k=0 

A similar equality holds for dim A-' . Hence, we get from H2.32|l 

d 

1^ dimA^ • dim A-'^^ + dim A-' • dim 5^ 



^ diniAJ • dimA^ + ^ dim C'' • dim + ^ dimi/'^' • dimC^. (2.33) 

j=0 0<fc<i<d 0<fc<i<d 



Similarly, 



^ dimiJ^' -dimA^-i = ^ dim iJ^ • dim C'= + ^ dim i/^ • dim iJ . (2.34) 

i=0 0<k<j<d 0<k<j<d 
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M{C',C') + M{H',H') 



Combining H2.19|l . (|2.33|l . and (|2.:M|I we obtain that modulo 2 

d 

1^ dim A-' • dim A^^^ + dimi?^ • diniA-'^^ + dim A-' • dimH^ 

3=0 

d d d 

= ^ dim ■ dim + ^ dim C'' dim C-' + ^ dim H'' dim C-' 

j=0 j,k=0 j.k=Q 

d d d d 



dim^^ • dimyl^' + ( dimC'=) • ( ^ dimC^' 



fe=0 



fe=0 



^ dimi?'= j • ^ dimC^ 



(2.35) 



Both X]fe=o dimC*^ and X]fe=o dimi?*^ are equivalent modulo 2 to the Euler characteristic of the complex 
{C*,d). Hence, we conclude that the left hand side of (|2.35|) is equivalent modulo 2 to 



dim A^ ■ dim A^ . 



Combining this with H2.31|l . we obtain (|2.29() . 



□ 



3. The Determinant Line of the Dual Complex 

In this section wc introduce the dual of a complex and, for the case when the length of the complex is 
odd, construct a natural isomorphism between the determinant lines of a complex and that of its dual. 
We also show that this isomorphism is compatible with the canonical isomorphism (|2.13l) . 

Throughout the section, k is a field of characteristic zero endowed with an involutive automorphism 

T : k ^ k. 

The main examples are k = C with r being the complex conjugation and k = R with r being the identity 
map. 

3.1. The determinant line of the r-dual space. If V,W are k-vector spaces, a map f : V ^ W is 

said to be r-linear if 

f{xiVi+X2V2) = t{xi)vi + t{x2)v2, for any vi,V2&V, xi,X2£'k. 

Let V be an n-dimensional k-vector space. The linear space V* — V*^ of all r-linear maps k is 
called the r-dual space to V. There is a natural r-linear isomorphism 

av : Det(y*) — > Bet{V)-\ (3.1) 

defined by the formula 

(ay(«iA---Az;"))(«iA---Av„) = Y.{-l)^"W{v\v^^,))) ■ t{v\v,^2))) ■ ■ ■ r{v^{v,(n))) , (3.2) 

cr 

where vi, . . . ,Vn G V, u^, . . . , S V*, and the sum is taken over all permutations a of {1, . . . , rt}. 
Similarly, we define the r-linear map 

Pv ■■ Det(F) — y Det(V^*)^\ (3.3) 
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defined by the formula 

= (-1)" • E (-1)'^' ^(^'(Md)) • ■ ■ • r(^;"(z;.(„))). (3.4) 

Remark 3.2. The sign factor (—1)" in (|3.4() simplifies the statements of various compatibility relations 
with the fusion isomorphism H2.4|) . cf. below. It is motivated by the fact that, in (|3.4|l . we interchange 
vi A • • • A w„ and A • • • A w", which both are forms of degree n. 

Formulae 13.2|l and H3.4|l can be simplified by choosing an appropriate basis. Let ei, . . . , be a basis of 
V. Denote by e^, . . . , e" the dual basis of V* , i.e., the unique set of elements of V* such that e-'(ei) = 
for all i, j — 1, . . . ,n. Then 

(ay(eiA---Ae"))(eiA---Ae„) = r(ei(ei)) • T(e2(e2)) • • • r(e"(e„)) ; (3.5) 

( /3y (ei A • • • A e„) ) (e^ A • • • A e") = (-1)" • T{e\ei)) ■ T{e\e2)) ■ ■ ■ T(e"(e„)) • (3.6) 

Recall from Subsection 12 . II that for a non-zero element v E Det(V^) we denote by v^^ the unique element 
of (Det(y))"^ such that ^-^(u) = 1. It follows from (ESJ that 

a^i((eiA--- Ae„)~') = A • • • A e". (3.7) 

Using (|3.6|l and (|3.7() we conclude that for any v £ Det(V^) 

{ay'iv-'))-' ^ i-ir-^'' Pviv). (3.8) 

Let V and W be k- vector spaces. From (|2.5f) . (|3.5ll . and (|3.()|) . we obtain 

{^J-v.,wi'" ^ '^)) ^ = o:v®w ° ^J■V'■.W'{ay^iv~^)'9 a^iw~^)), (3.9) 
for any v e Det(F), w e Det(W^). 

3.3. The T-adjoint map. Let T : V ^ W he a k-linear map. The r-adjoint of T is the linear map 

T* : W* — > V* 

such that 

{T*w*){v) = w*{Tv), foraU v & w* £W*. (3.10) 

If dim V = dim W then T and T* induce k-linear maps Det(F) T)ei{W) and Det(W^*) ^ Det(T/*), 
which, by a slight abuse of notation, we also denote by T and T* respectively. If T is bijective then, for 
any non-zero v G DeiiV), we have 

T*a^\{Tv)-^) = ay\v-^). (3.11) 

3.4. The T-dual graded space. Let now V ~ ® ® ■ ■ ■ ® be a finite dimensional graded 
k- vector space. We define the (r-jdual graded space V — ® (B ■ ■ ■ ® hy 

{V^~')\ J=0,...,d. 

Assume now that the number d = 2r — 1 is odd. Then (|3.1|) and (|3.3|) induce a r-linear isomorphism 

av ■■ Det(F*) — > Det(V''), (3.12) 

defined by the formula 

av'ivo^ivi)-^ <»---<»ivd)-^) = {-1)^^^"> ■ayl{v^^)<»Pv^-^ {vd-i) <»■■■<» f3v"ivo), (3.13) 
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where vj e Det{V^) {j = 0, . . . ,d) and 

M{V') = M{V',V') = dimyJ' •diml/^ (3.14) 

Q<j<k<d 

cf. (|2.19|) . We refer to for the motivation of the choice of the sign in H3.13|l . 

3.5. The dual complex. Consider the complex (|2.2|l of finite dimensional k-vector spaces. The dual 
complex is the complex 

Ci ••• C'' -> 0, (3.15) 

where — (C^^^)* and d* is the r-adjoint of d. Then the cohomology H^{d*) of C is naturally 
isomorphic to the r-dual space to H'^~^{d) {j = 0, . . . ,d). Hence, if the length d of the complex C* is 
odd, then, by IpTT^ . we obtain r-linear isomorphisms 

ac ■■ Det(C") — > Det(C*), aH'(a) ■ T)et{H'{d)) — > Bet{H'{d*)). (3.16) 

Lemma 3.6. Let {C*,d) be a complex of finite dimensional \i-vector spaces and assume that its length 
d = 2r — 1 is odd. Then the following diagram commutes 

Det(C') Dct(i7'(a)) 



"c« |"H«(a), (3.17) 

Det(C') Bet{H'{d*)) 
where the isomorphisms (j)c' and are as in 12.13|l . 
Proof. We shall use the notation of Subsection 12.41 For j = 0, . . . , d, set 

Ai {B'^-i)\ W -.^ {A"^-^)*, W := {H'^-^y (3.18) 

and identify these spaces with subspaces of in a natural way. Then d*{A^) = _B-'+^. 
Let Cj, aj, hj {j = 0, . . . ,d) be as in H2.12|l . For each j = 0, . . . ,d, set 

cj = a~l_,{c^^j), (3.19) 
% = a~^U{{da,.,.,)-'), (3.20) 
- c.-^i-Ahd-,)- (3.21) 

Then, from the equality (|3.8|l . we obtain, 

/3c-.(crf-,) = (-l)'^'-^^c-i, 

/?^.-.(a)(/irf-,) = -h-y 

Hence, from the definition (|3.13() . we get 

ac.(co®cr'0---®c^') = (-l)^(^*)+^^=«''™'^"' -coffer' (^•••0c^\ (3.22) 
aH'ia){ho'»K' <»---'»h-^) = (-l)^(^*(^»+S;=odimff^''(a) (3 23) 

From the identity H3.11|l and the definition (|3.20() of dj, we get 

d*(aj-i) = a^l.^a^^^), j = l,...,d. 
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Hence, from and we obtain 

= t^A^ ,Ho ( ® hj (E)d*{aj-i)). 
Using 1)2. we now conclude that 

Cj = (-1)^^- (3-24) 

where 

Gj = diml^ • dimif^ + diml^' • diml^^^ + diml^^^ • dim#^. (3.25) 
Thus, from H2.14|l . we obtain 

0c.(co(8)cr^«)---®c^^) = i-l)^'-^"^+^'=o^^ ■ho(g)h^^(g>---(g>h^\ (3.26) 

Hence, by and 

0g. o ac ( Co ® c^^ (g) • • • (g) c^^ ) 

^ (_l).M(c•)+A^(c•)+I:toe.+I:;=Jdimc^^/^^^;^-l^...^^-l^ (3 27) 

From and lIT^ . we get 

(a) ° 0C' ( Co cj"^ «)•••«) c;^^ ) 

^ (_l)A^(^^-(a))+A^(c-)+E;iJdimH^''(a)./^^^/^-i^...^/^-i_ (328) 

From (I3.27|) and 13.28fl . we conclude that to prove H3.17fl it remains to show that, modulo 2, 

d r—1 

M{C')+Af{C') + Y,Gj+Y,dimC^P = M{H'{d)) + J\f{C') + ^dimi/2p(a). (3.29) 

j=0 p=0 p=0 

Using the equahty 

diml^' = dimS'^-J' = diinA'^-^-\ 

we easily see that Af{C*) = N(C'). In addition, note that if we set C* = C* in 1)2.2911 . then the right 
hand side of H2.29|l is equal to X]j=o Qj- Hence, (I2.29f) and H3.14|l imply that (|3.29|l is equivalent to 

r-l 

N{C'®C') + ( dim C^P- dim i?2p (5)) = q mod 2. (3.30) 

By (ITT^ . 

d 

AA(C*®C") = ^ dimA^' mod 2. (3.31) 

From ()2.11(l and the equality dimS^ = dimA^^^ we conclude that 

dimC^P - dimij2P(a) = dimA^P + duaA^^-^, 

and, hence, 

r-l d 

( dimC^P - dimij2p(a) ) = Y dim A^'. (3.32) 
Combining l|OT|l and we obtain □ 
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4. The Refined Torsion of a Finite Dimensional Complex with a Chirality Operator 

On the de Rham complex of a Riemannian manifold acts a canonical involution F, called the chirality 
operator, cf. 3, Ch. 3]. In this section we consider a finite dimensional complex with such an operator. 
We show that the chirality operator defines a canonical element, the refined torsion, of the determinant 
line of the cohomology of this complex and we study some properties of this element. 

In this section k is a field of characteristic zero. 

4.1. The refined torsion associated to a ciiirality operator. Fet d = 2r — 1 be an odd integer 
and let (C*,(9) be a length d complex of finite dimensional k- vector spaces. A chirality operator is an 
involution T : C ^ C such that F(CJ) = C^-^ , j = 0, . . . , d. For cj e Det(CJ) (j = 0, . . . , d) we denote 
by Tcj G Det(C"'~-') the image of Cj under the isomorphism Det(C^) Det(C''^-') induced by F. 
Fix non-zero elements Cj S Det(C^), j = 0, . . . ,r — 1, and consider the element 

Cp := (--l)^('^*)-co«)cJ"i(g)---®4li^''~'(g)(Fc,._i)(-i)''®(Fc,_2)'~^^''"'«)---«)(rco)"\ (4.1) 
of Det(C"), where 

r-1 

7^(C•) = 2 51 ■ ( + (-^y^^)- (4-2) 

j=o 

It follows from the definition of cj^ that Cp is independent of the choice of cj (j = 0, . . . , r — 1). 

Remark 4.2. Using the isomorphisms F : C-' — > C"'"-' one can define a natural trace functional Tr : 
Det(C") k, cf. TP. The sign factor (-l)K(c*) is defined so that the equahty Tr(cp) = 1 holds. 

Definition 4.3. The refined torsion of the pair (C*,F) is the element 

Pr = Pc'.r </'C«(Cr), (4.3) 

where (pc is the canonical map defined in Subsection \2.4\ 

4.4. The norm of the refined torsion. In this subsection we assume that k — M or C. Suppose that 
the spaces , j — 0, . . . ,d, are endowed with a Euclidean (if k = M) or a Hermitian (if k = C) scalar 
products (•, These scalar products induce a metric || • ||Dct(c») on the determinant line Det(C"). Fet 
II ■ llDct(//«(9)) be the metric on the determinant line Det(iJ*(9)) such that the canonical isomorphism 
(/)(7« , defined in (|2.13|l , is an isometry. 

Lemma 4.5. Let be scalar products on , j — 0,...,d, such that the chirality operator F is 

self-adjoint. Then 

l|PrllDct(ff.(a)) = 1- (4.4) 

Proof. By definition, 

||PrllDct(//'(a)) = ||Cr||Dct(C')- (4-5) 

Fet II • \\j denote the norm on Det(C^) induced by (•, Since F is a self-adjoint involution it is also 
a unitary operator, i.e., for every x e Det(C-') we have ||Fa;||d-j — Hence, from (|4.1|l we get 

l|Cr llDct(C') = 1- The lemma follows now from (|4.5I) . □ 

The above lemma explains why we call the refined torsion: the classical combinatorial torsion 
[TH| is an element p of T)et{H*{d)), defined up to a multiplication by i € k with |t| = 1, such that 
l|p||Dot(_f/»(a)) = 1- The refined torsion is a choice of a particular element of Det{H* (d)) with norm 
1. 
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4.6. The refined torsion of a direct sum. 



Lemma 4.7. Let (C, d) and (C, d) be length d = 2r— \ complexes of finite dimensional \i-vector spaces 
and let r : C C',f : C* ^ C* be chirality operators. Then T := T © ? : C* ® C* ^ C" ® C' is a 
chirality operator on the direct sum complex (C* © C*, 9 © 9) and 



Pr = PH-(d),H'(d)(Pr®Pi-)- 



(4.6) 



Proof Clearly, = 1 and f (C^ © C^) = C^'^ © C^'^ . Hence, f is a chirality operator. By Lemma [TTl 
to prove 1)4. 6|l it is enough to show that 

Cp = Mc',c'(^r «)Cf). (4.7) 

For each j — 0, . . . , r — 1, fix non-zero elements cj G Det(C-' ), Cj G and set cj = ji^j {cj ® Cj). 
Recall that we denoted the operators induced by F and F on Det(C") and Det(C*) by the same letters. 
Thus, 

Tcj = (r©r)o/Xp^._^^(cj(8)Cj) = pipd_,_^rf_,(Fcj «)r£j). 

By 

Hence, it follows from (|2.18() and l|4.1(l that 

/^c.,5.(cp®cf) = (_l)A^(c^c•)+7^(c•)+7^(c•) X 

X Co «) c^^ (g) • • • (g) ' ® r(c,._i)(~^)'' (g) r(c^_2)^"^^''^' «> • 

^ |-_-[^^A1(C*,C*)+7?.(C*)+7J(C*)-K(C*eC*) . 



r(co)-i (4.8) 



Using the isomorphisms F : C* ^ C"^ * and T : C ^ * one sees that dimC-' = dimC"' ^ and 
dimC^' =dimC''^-J'. Therefore, 



M{C',C') ^ dim C^' -dim C'^ 

0<k<j<d 



Hence, 



dimC"^-^ • dimC''-'^ = ^ dim C'' • dim C^' . 

0<k<j<d 0<k<j<d 



M{C',C') = - Y dim -dim C'^' 

Q<k^j<d 

d d d 

= 2 [ ( ^ '^^^^^ ■ ( 51 - H dimC^' • dimC^ 



3=0 

■r-1 



J=0 



j=0 



(4.9) 



( 2 ^ dimC^ ) • ( 2 ^ dimC^ ) - 2 ^ dimC^' • dimC^ 



= Y dimC^ • dimC^ 



mod 2. 
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Using the identity (j2.30(l . we obtain from H4.2|l 

r-l 

n{C'®C') - Tl{C') - n{C') = ^ dimC^ -dimC^ (4.10) 

3=0 

Combining H4.9() and 14.10|l . we get 

M{C',C') + n{C') + TZ{C') - TZ{C'®C') = mod2. (4.11) 

The identity l|4.7|l follows now from H4.8|l . □ 

4.8. Dependence of the refined torsion on the chiraUty operator. In this subsection k = C 
or R. Suppose that Ft, t e M, is a smooth family of chirality operators on the complex (C*,9). Let 
Tt : C* ^ C^^* denote the derivative of Ft with respect to t. Then, for each k = 0, . . . ,d, the composition 
ft o Tt maps C*^ into itself. In particular f t o Ft : C°™" ^ C"=™'^ and f t o Ff : C"^'^ ^ C°'^'^. Define the 
supertrace Trs(rt o Ft) of Ft ° by the formula 

d 

Tr,(ftoFt) Tr (f t o Ft|c-on) - Tr (ft o Ft |codd) = ^ (-1)^' Tr (f t o Ft|c.)- (4.12) 

3=0 

Proposition 4.9. Let {C',d) be a length d ~ 2r — I complex of finite dimensional h-vector spaces and 
let Ft, t G K, be a smooth family of chirality operators on C . Then the following equality holds 

j^Pr, = ^ Tr, (ft o Ft). (4.13) 

Proof. Let Ft^- denote the restriction of Ft to . Above we denoted the map Det(C^) Det(C"'~-') 
induced by Ft by the same symbol Ft. To avoid confusion we will not use that convention in this proof 
and denote this map by Tf_f- 

For each j = 0, . . . , r — 1, to G K we have Ftj- = Ft.j o Tt„.d-j ° ^to,j and, hence. 



— \ r^^^ = —\ 



Det(Ft,,oFt„,,-,)-F^„' 



Det 
j 



(4.14) 



= Tr(ft„,,oFt.,d^,)-r°?*, 

where for the latter equality we used that for any smooth family of operators At : C"*^^ C^^^ one has 
^Det(At) = Tr{AtA^^) and that F^^^ = Tt,d-j- Hence, for any non-zero element Cj G Det(C^), we have 

l{rff{c,)f' = ±Tritt,oTtM-,)-{rff{c,)f\ (4.15) 

Using H4.15|l and the equality (—1)^+^ = (— l)''^-' we conclude from the definition (|4.1|) of the element 
c„ that 

Jt^r, = E (-l)'"' Tr(f t,, o Ft.,„,) • c,^ . (4.16) 

j=o 

Since Ft.j o Tt^d-j = 1 we obtain 
d 
dt 

Hence, 



= 37 Tr(Ftj o Ft,<i-j) = Tr(f tj o Ft,d-j) + Tr(Ftj o f t^^.^). 



Tr(ft,,oFt,<i-j) = -Tr(ft,,_,oFt,,)- (4-17) 
Combining H4.16|l with (|4.17l) . we obtain (|4.13|1 . □ 
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4.10. The refined torsion of the dual complex. Suppose now that k is endowed witli an involutive 
endomorpliism r, cf. Section |31 Let C* be the r-dual complex of C and let ac ■ Det(C*) ^ Det(C") 
denote the r-isomorphism defined in H3.16|l . Let F* be the r-adjoint of F, cf. Subsection 13.31 Then F is 
a chirality operator for the complex C*. 

Lemma 4.11. In the situation described above, 

Pr- = aH'(a)(Pr)- (4-18) 
Proof. Fix C.J e Det(C^ ), j = 0, . . . , r - 1, and set 

= a^L.((rc,)-i) e Det(C^), j = 0,...,r-l. (4.19) 

Then, by 

T*Cj = a^KcJ^) e Det(C''~^), j = 0, . . . , r - 1. (4.20) 

Using H3.8|l . we obtain from (|4.19(l and (|4.20(l . that, for j = 0, . . . , r - 1, 

/3c.fe) = i-lf^^''' ■{T*c,r\ /3c-.(rc,) = (-l)^'-^^c-^ (4.21) 
Combining ^TT^ . gH), (|On|) . and g^T}, we get 

ac.(c,) = (-l)^(C.')+^;=o^™^'''.c,.. (4.22) 
By definition H4.3|) . p^, = '^c*(cr). Therefore, from Lemma 13.61 we obtain 

aH'(a){Pr) = 0c.°"c.(c,) = (-l)^(^*)+^^=o'*""^''-p,.. (4.23) 
Since, by assumption V{C^) = C^^^ , we have dimC-' = dimC"*^^ . Hence, 

r-l d 

^dimC^P = - ^ dimC^ 

p=0 j=0 

and, by H3.14|l . 

r-l , d 

MiC) + ^dimC^P = dimC^ •dimC'= + - ^ dimC^' 



2 

p=0 a<j<k<d j=0 

d d 



^\Y1 dim C^ - dim C'^ = ^ ( ^ dimC^' 



(4.24) 



Using again the equality dim = dim ^ , we obtain 

d r-l 

dimC^ = 2 ^ dimC^'. 

Hence, from (I4.24|) we get 

r — 1 r — 1 

A^(C") + ^dimC^P = 2(^dimC^)^ = 0, mod 2. (4.25) 
Combining H4.23|l with (|4.25l) . wc obtain (|4.18|1 . □ 
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5. Calculation of the Refined Torsion of a Finite Dimensional Complex 

In this section we introduce a finite dimensional analogue of the Atiyah-Patodi-Singer odd signature 
operator and express the refined torsion in terms of the determinant of this operator. 
Throughout the section we work under the assumptions of Subsection 14. II 

5.1. The signature operator. The signature operator B is defined by the formula 

B := Yd + dV. (5.1) 

This is a direct analogue of the signature operator of an odd-dimensional manifold, cf. p. 44], [2 
p. 405], m P- 64-65]. See also Section □ below. 
Define 

C{_ := Ker(aor)nC^ = r( Ker 9 n C"*"^ ) , CL Ker9nC^ j = 0,...,d, (5.2) 

and set C^^ = Cl^^ = 0. Let Bj and B^ denote the restriction of B to and Ci. respectively. Then, 
for each j = 0, . . . ,d, one has 

ImB+ C Im{rod\cj) C r(Ker9|c..+i) C C+"^"^ (5.3) 
ImB; C Im(9or|c..) C lm(d\c^-,) C ct^^+\ (5.4) 



Hence, 



B+ = Tod: Cl ^ C^-'-\ BJ = doT: a Ct''+\ (5.5) 



Denote C^- := 0^- C^" 0, even ^i- Set 



Seven B, : C^™'^ ^ := Bf : C^" ^ C^", (5.6) 

j even j even 

and define ;Bodd, ^^dd similarly. Note that /Seven = L o Bodd ° T- Hence, the whole information about B 
is encoded in its even part Seven- 

Lemma 5.2. Suppose that the signature operator B : C* C* is bijective. Then the complex (C*,9) is 
acyclic and, for all j — 0, ... , d, 

- Cl® Ci. (5.7) 

Proof. If c e C;^ n Ci, then it follows from H5.2|l and the definition H5.1|) of B that Be = 0. Hence, since 
B is injective, we obtain 

clnci = {0}. (5.8) 

Similarly, from (|5.2|) and H5.1|) we obtain ImS C + C' . Hence, since B is surjective, 

C = CI + C'_. (5.9) 

Combining H5.8|) and I5.9|l we obtain (|5.7I) . 

Let us now show that the complex (C, 9) is acyclic. By (|5.7|) . 

S = 6+ + 6". (5.10) 

By (inSl) and (E3J, Im6± C CJ. Thus, since B = S+ + S is surjective, it follows from H5.7|l . that 
ImB^ = CJ. The equality 6" = F implies now that Im^ D C*. Hence, by (123, Im9 = C*. 
Combining the latter equality with the definition ()5.2|l of CI, we obtain Im9 = Ker9, proving the 
acyclicity of (C, 9). □ 
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Remark 5.3. It is easy to construct an acyclic complex (C*,9) and a chirality operator F, so that the 
corresponding signature operator B is not bijective. 

5.4. Calculation of the refined torsion in case B is bijective. Assume that the signature operator 
;B : C* ^ C" is bijective. Then, by Lemma [5.21 the complex (C*,9) is acyclic. Hence, Det{H'{d)) is 

canonically isomorphic to k and the refined torsion can be viewed as a number in k. In this subsection 
we calculate this number. 

Definition 5.5. The graded determinant of the even part of the signature operator is defined by the 
formula 

Detg,(6evc„) = Det(S+,J/Det(-6-,,„). (5.11) 
Since T o B^^^^ o T = B^^^ and = Id, we have I)ct{—B^^^^J = I)et{—B^^^) and 
Detg,(Seve„) = Det(6+,„)/Det(-S+^) 

= Det ( i-iy-' Td\^,--. )(-^^"" . n Det ( {^ly-' Td]^^.^^^. ) 

j=i (5-12) 

r-l 



(_^)(r-i)dimc;- .Det(Fa|p.-i)^ ' •[|Det(r5|p, 



3 = 1 



where in the last equality we used that 

Det ( (-1)^-1 Fai^.-.g^^.-. ) = Det ( FSI,.^-.^,..-, ) 

since dim C;^ ^ = dim . 

Proposition 5.6. Suppose that the signature operator B is invertible and, hence, the complex (C",9) is 
acyclic. Then 

= Detg,.(;Bcvcn), (5.13) 
Proof. Recall that p^ — (pc'{c-r), where Cp is the element in Det(C*) given by the formula H4.1|) and 

(t>C' : Det(C") — > Det (iJ*(9)) ~ k 

is defined by (E331)- 

To compute ^c* (Cp ) , we choose the decomposition (I2.11f) to be = © and define elements 
Co, . . . ,Cd as follows: For each j = 0, . . . , d — 1, fix a non-zero element aj G Det(C:^) and set 

Co = ao, Cd = Fao, 
Cj" = lJ-ci,c'^(^"'d-j "S) aj), j = l,...,d-l. 

Note that, for each j — 1, . . . ,d, 

Tcj = p^d-j ^d-j{ad-j ®Taj) 

( 1 -idim Ci'dim ,, (j^^ ^„ \ ( -i \dim Ci -dim „ {r.^A\ 

= Ij + ~ p^d~j ^^d~j{laj ® ad-j) = (— IJ + - Cd-j. (5.14) 
Thus, from (|4.1(l . we obtain 

Cp = (-l)^(C-) . Co (g) cf^ ® • • • ci~_T~' ® {TCr-l)^-^^^ ® {TCr^2)^-^^^'' • • • (Fco)"^ 

(5.15) 

= (_l)7^(C-)+i:-; dimC^.dimCi Co A A • • • A Crf-l A c^i. 
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To compute pp we now need to calculate 0c«(co A c^^ A • • • A Cd-i A c^^), i.e., in view of H2.14|l . we 
need to determine the elements hj G Det{H^) ~ k which satisfy (|2.12(l . 

If L is a k-line and x,y Cz L with y ^ 0, we denote by [x : G k the unique number such that 
X = [x : y]y. Then, by (|2.12() . the elements hj E k, which appear in (|2.14() . are given by 

ho = 1, (5.16) 

hd = [cd ■■ dad-i] ^ [flQ : Tdad^i], (5.17) 

and, for j = l,...,(i— 1, 

hj = [cj : ^(j3 (ji [dttj^i ® aj) ] 

= [fJ.Q3 uj^iTad-j (8i aj) : fi^j ^^^{daj^i ® aj)] (5.18) 
= [Vad-j ■■ da-j-i] = [ad-j -.ydaj^i]. 
By (|5.17|l and H5.18|l , for j = 1 , . . . , r - 1 , we obtain 

h-j ■ hd-j+i = [ad-j ■■ Tdaj^i] ■ [aj_i : Tdad-j] 

= [n^d-j ^^,j-i{ad-j <S) aj^i) : fi^d-j ijj-i{Tdaj-i (S)Tdad-j] (5.19) 
= (_i)dimct-.di.nci- Det(r9|^^-.^^.-.)-i. 

By H5.18|l we have 

hr = Det(r9|p.-i)-\ (5.20) 
Combining itTTljl . ((TT^ . and (ESOJ), we obtain 



0c-(coAcr'A---Acd_iAc^i) = (-l)-^(c^') Det(r9|c-i)(~^)''" • [] Det(r9|^^-i^^.-.)(-i)'"\ (5.21) 
From the definition (|4.3|l of and the identities H5.15|l . (|5.21|l . we get 

r-l 

= (-1)^«^') Det(ra|c.-i)(-^)"" • n ^et{Tdy^-.^^.-,)^-'y-\ (5.22) 

where 

r — 1 r — 1 

j:-(C") = AA(C") + 7^(C•) + ^ dimC:[ -dimCi + ^ dim C+"^ • dim C|"\ (5.23) 

As the maps d : C^^^ Ci_ and V : C^J_ Ci are isomorphisms, the last two terms in (|5.23|) can 
be computed to be 

r— 1 r — 1 

^ dimCi . dimCi + ^ dimC+"^ • dimC;!."^ 

3=0 j=0 

r—1 r — 1 r — 1 

= dimCi • dimC^"^ + dimCi • dimCi"^ ^ dimC^ • dimC^^^ (5.24) 
j=o j=0 j=0 

Since the map Yd : C;^ — > ^ is an isomorphism, we have 

dimC; • ( dimC; + (-1)^+^ ) = dimC+"^"^ . ( dimC+"^"^ + (-1)'^"^' ), j = 0, . . . ,r - 2. 
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Hence, by formula (|2.15|l for N[C) and the fact that for any a; G Z, x{x ± 1) = (mod 2), we obtain 



mod 2. 



r — 2 

M{C') = dmiC:^ • ( dhuCr^ + (-1)^+^ ) + ^ dimC;-^ • ( dhiiC^-^ + (-l)'') 

= ^ dimc;-^-(dimc;-i + (-i)'^) 

= i dimC;-i • ( dhTiC;-^ - 1 ) + i (1 + (-!)'■) • dimc;- 

Next, using the isomorphism d : C:|r^ — > C:i we obtain from H5.7fl . 

dimC^ = dimCii_"^ + dimC:^. 
Hence, from definition 1)4. 2|l of TZ{C') and from identity (|2.3U|I . we get 

r-l 



(5.25) 



(5.26) 



1 

7^(C•) = 5] [ 2 dimC; • ( dimC| + (-l)''+0 



- dimC|^^ • ( dimC|"^ + {-ly+j-^ ) + dimC| • dimC+ 



3=0 



= - dimC;-^ • ( dimC;"i - 1) + ^(dimCi)^ + ^ dim C| • dim C^" ^ (5.27) 

By (ESnil, 

r-2 

^(dimC|)2 + ^ dimCi -dimC:!."^ 

r-l 

= ^ [(dimC:{_"^)2+dimC|-dimCi"^ = ^ dim • dim C:i_" \ (5.28) 
Hence, from ()5.27f) . we get 

7^(C•) = - dimC;-^ • ( dimC;-^ " 1) + dimC^' • dimCi"\ 



r-l 



r-l 



j=0 



r-l 



mod 2 



(5.29) 



Combining 15.25|l and (|5.29|) and using again that x{x ± 1) = for x E Z, we conclude that 

1 ''"^ 
Af{C') + 7^(C•) = -(l + (-l)'')-dimC;-i + ^ dimC^ •dimC:;"\ mod2. 



Since 



(5.30) 



1 modulo 2, we conclude from H5.23|l . (|5.24|) . and H5.30|l . that 



J^(C") = (r-l)dimC;-\ 
The equality (|5.13() follows now from H5.12|l and H5.22|l . 



Dd2. 



□ 
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5.7. Calculation of the refined torsion in case B is not bijective. In this section we don't assume 
that B is bijective. In particular, the complex (C*, d) is not necessarily acyclic. For simplicity, we restrict 
to the case k = C. 

Consider the operator B^. Note that B^ = {rd)"^ + (dV)^ and B^{C^) C for all j = 0, . . . , d. For 
an arbitrary interval T C [0, oo) and j — 0, . . . ,d, we denote by C the span of the generalized 
eigenvectors of the restriction of B^ to corresponding to eigenvalues A with |A| G T. Since both 
operators F and d commute with B and, hence, with B^ we have 

Hence, we obtain a subcomplex C' of C* and the restriction Fx of F to C* is a chirality operator on this 
complex. Let dj and Bj denote the restriction of d and B to C*. Then Bx ~ FjSi + dxTj. 

Lemma 5.8. // ^ X then the complex (C', dx) is acyclic. 

Proof. If a; e Ker dx then B^x = (9F)^x e Imdx- Hence, 

S|: Ker^i — > Imdx CKeidx- 

Since the operator Bj : C* C' is invertible, we conclude that Ker9i = Imc^j. □ 

For each A > 0, the complex C* is a direct sum of the complex Cj' and the acyclic complex C*^ 
In particular, H*^ oo)('^) ~ ^ ^-'^'^ -^[o a](^) — Hence, there are canonical isomorphisms 

$: Det(il(\,^)(9)) ^ C, ^ : Dct(i/[* (9)) Bet{H'{d)). 
Lemma 5.9. For every t e Dct{H'^ oo)('5))' ^ ^ Det(i/j' 

<S>{t)-^ih) = MH-,,^,(a),//-„_,j(a)(i®/i)- (5.31) 

Proof. Since iJ*^ ^^(9) = 0, it follows from lfTTO|l . that oo)(^)'^[o a]) = 0- The lemma follows 

now from the definition H2.18|l of the fusion isomorphism. □ 

In the sequel we will not distinguish between t S Det{H'-^ oo)(^)) ^^'^ ^(*) ^ ^^'^ write simply t for 

Similarly, for h G Det(7Jj* ^^{d)) we will denote by h also the element G Det(if*(9)). 
From Lemma 14.71 Proposition l5.6l and Lemma 15.91 we immediately obtain the following 

Proposition 5.10. Let (C',9) be a complex of finite dimensional complex vector spaces and let T be a 
chirality operator on C . Then, for each A > 0, 

Pr = Detg,.(S(A,oo)) • Pr,„ „ > (5-32) 
where, as above, we view as an element of Det(_ff*(9)) via the canonical isomorphism 

f :Det(i/[;,A](5))^Dct(i/-(9)r 

6. Preliminaries on Determinants and the t^-invariant of Elliptic Operators 

In this section we briefly review the main facts about the ^-regularized determinants and ?7-invariants of 
non self-adjoint elliptic operators. In particular, we define a sign-refined version of the graded determinant 
- a notion, which plays a central role in this paper. We refer the reader to Sections 3 and 4 of 5^ for a 
more detailed discussion of the subject. 

Let iJ be a complex vector bundle over a smooth compact manifold M and let D : C°° {M, E) — > 
C°° {M, E) be an elliptic differential operator of order m > 1. Denote by cr(Z?) the leading symbol of D. 
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6.1. Choice of an angle. Our aim is to define the C-function and the determinant of D. For this we 
will need to define the complex powers of D. As usual, to define complex powers we need to choose a 
spectral cut in the complex plane. We restrict ourselves to the spectral cuts given by a ray 

Re ^ [pe'^ : Q< p<oo], O<0<2tt. (6.1) 

Consequently, we have to choose an angle 9 S [0, 27r). 

Definition 6.2. The angle 9 is a principal angle for an elliptic operator D if 

spec (a;,C)) n i?0 = 0, for all x e M, ^eT*M\{0}. 

If X C M we denote by Lj the solid angle 

Lj = {pe^^ : 0<p<oo, 6ieX}. 

The existence of a principal angle is an additional assumption on D. Since Af is compact every operator 
which possesses a principal angle has a discrete spectrum. 

Definition 6.3. The angle 9 is an Agmon angle ^ for an elliptic operator D if it is a principal angle for 
D and there exists e > such that 

STpec{D) n L[e-£.9+c] = 0- 

If is a principal angle for D, then, cf. there exists e > such that spec (£>) n L[g_^ g^^] is 

finite and spec {a{D)) n L[g_^^g^^] — 0. Hence there exists an Agmon angle 9' G {9 — e,9 + e) for D. 

6.4. C-function and determinant. Assume that 9 is an Agmon angle for D. Let 11 : L^{M,E) 
L'^{M,E) denote the spectral projection of D corresponding to all non-zero eigenvalues of D. The 
function (g{s,D) of D is defined as follows. 

Since, by assumption, D possesses a principal angle, its spectrum is discrete. Hence, there exists a 
small number pQ > such that 

spec (Z?) n { z e C; \z\ <2po} C {0}. 
Define the contour F = Fe ^,-, C C consisting of three curves F = Fi U F2 U F3, where 
Fi ^ { pe'" : C50 > p > po }, F2 = { poe'" : 9 < a < 9 + 2Tr } , 

F3 = {pe'(''+2-) : PO <P<oo}. (6.2) 

For Res > the operator 

HD-' = 7^ f X-'{D- Xy^dX (6.3) 

is a pseudo-differential operator with continuous kernel Kg{s; x, y), cf. In particular, the operator 

HD^" is of trace class. 
We define 

C,g{s,D) = TrHL>g"" = ( tr Kg{s; x, x) dx, Res > '^^^^ ^ (6.4) 

Jm "1 

It was shown by Seeley Plj (see also ||2^) that Ce{s, D) has a meromorphic extension to the whole complex 

plane and that is a regular value of Cg{s,D). 



^Note that in the Uterature the notion of Agmon angle is often defined differently, namely it is required, in addition, 
that zero is nor in the spectrum of the operator. 
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More generally, let Q be a pseudo-differential operator of order q. We set 

Ce{s,Q,D) = TvQUDg', Res > (g + dim M)/m. (6.5) 

This function also has a meromorphic extension to the whole complex plane, see |22 §3.22] and 
Th. 2.7] (see also El)- Moreover, if Q is a 0-th order pseudo-differential projection, i.e. a 0-th order 
pseudo-differential operator satisfying = Q, then by |^ §7], [221 (see also for a shorter proof), 

C6i(s, Q, D) is regular at 0. 

If the dimension of M is odd and Z? is a bijective differential operator of even order, then Ce(0, D) = 0, 
cf. [22. More generally, we have the following 

Proposition 6.5. Suppose dimAf is odd, D : C°°{M,E) C°°{M,E) is an elliptic differential operator 
of even order m > 2, 9 is an Agmon angle for D, and P is a finite rank pseudo-differential projection 
which commutes with D. Set Q = Id— P and assume that the restriction I?limQ of D to the image of Q 
defines an invertible operator -DjimQ ■ ImQ — > ImQ. Then, 

Ce(0,Q,i?) = - rank(Id-Q). (6.6) 

In particular, if mo denotes the dimension of the span of the generalized eigenvectors of D corresponding 
to the eigenvalue A = (i.e. toq is the algebraic multiplicity of the eigenvalue A = of D), then 

Ce{0,D) = -mo. (6.7) 

Proof. If £ ^ is a small enough real number, then D -I- e is an invertible differential operator of even 
order and 9 is an Agmon angle for D + e. Hence, ^0(0, D + e) = 0, cf. '21'. Clearly, 

CeiO,Q,D + s) = CeiO,D + e) - rank (Id -Q) ^ - rank (Id -Q). (6.8) 

Since is not an eigenvalue of the restriction of D to the image of Q, we have 

\im CgiO,Q,D + e) = CeiO, Q,D). (6.9) 

£—►0 

Combining H6.8|) and H6.9|l . we obtain H6.6|l . □ 
Definition 6.6. The (.-regularized determinant of D is defined by the formula 

Det'giD) := exp (^-^J^^^Cg{s,D)y (6.10) 

Roughly speaking, H6.10(l says that the logarithm logDetg(_D) of the determinant of D is equal to 
— Cg(0, D). However, the logarithm is a multivalued function. Hence, logDetg(_D) is defined only up to a 
multiple of 27ri, while —(g{0, D) is a well defined complex number. We denote by LDetg(D) the particular 
value of the logarithm of the determinant such that 

LDet;(i?) = -±\^^^(:,{s,D). (6.11) 

Let us emphasize that the equality (|6.11|) is the definition of the number LDetg(-D). 

Remark 6.7. The prime in Det'g{D) and LDetg(D) indicates that we ignore the zero eigenvalues of D in 
the definition of the regularized determinant. If the operator D is invertible we usually omit the prime 
and write 'Detg{D) and LDete{D) instead. 

We will need the following generalization of Definition 16.61 
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Deflnition 6.8. Suppose Q is a 0-th order pseudo- differential projection commuting with D. Then 
V :— ImQ is a D invariant subspace of C°°{M, E). The (^-regularized determinant of the restriction D\v 
of D to V is defined by the formula 

Bet'giD\v) e^^'^^'^'^^l^), (6.12) 

where 

LBet'giDlv) = -^L.=oCe(s:Q,^)- (6.13) 

As in Remark 16.71 if the restriction of D to F defines an invertible operator D\y : V ^ V, we usually 
omit the prime in the notation for the numbers ()6.12|l and 1)6. 13|) and write T)etg{D\v) and LDet6i(-D|y) 
instead. 

Remark 6.9. The right hand side of (|6.13l) is independent of Q except through lm{Q). This justifies the 
notation LDetg(_D|v'). However, we need to know that V is the image of a 0-th order pseudo-differential 
projection Q to ensure that Ce{s, D) has a meromorphic extension to the whole s-plane with s = being 
a regular point. 

6.10. Spectral subspaces. We will often use Definition 16. 81 in the following special situation. For A > 

let Hjjjo.A] denote the spectral projection of D corresponding to the set {z S C : j^rj < A}. It is given by 
the Cauchy integral 

nD,[o,A] - ^ r {D-{X + e)^^y'dcb, 







where e > is small enough so that there are no eigenvalues of D with absolute value in the interval 
(A, A -I- e]. Since the operator D is an elliptic differential operator of order > 0, the image of H^j [q.a] is 
finite dimensional and consists of smooth sections. We denote by C^x] {M, E) C C°° (M, E) the image of 
nD,[o,A]- Note that C'^^{M,E) is equal to the span of the generalized eigenvectors of D corresponding 
to eigenvalues with absolute value < A. 
Define the projections 

n_D,(A,oo) = Id - n^, [o.A], 

(6.14) 

Il£),(A,^] = n^i.fo.p] - n^ijo^A], for n>X. 

The range of ^D,{x.p] is finite dimensional and contained in C°°{M,E). It is equal to the span of the 
generalized eigenvectors of D with eigenvalues x such that A < |x| < M- The range of ^[^ (^x ao) is infinite 
dimensional and contains the span of the generalized eigenvectors of D with eigenvalues whose absolute 
value is greater than A, cf. [201 Appendix B]. 

Let now I be an interval of the form [0, A], (A, /x], or (A, oo). Then IId,i maps smooth sections to 
smooth sections and the space 

C^{M,E) := IId.i{C°^'(M,E)) C C°°{M,E) 

is D invariant. Let Dx denote the restriction of D to the space C^{M, E). Note also that Dx is invertible 
whenever ^ T. 

Definition 16.81 gives us the determinant Det0(_Di). Clearly, for any < X < fi, 

Dete (i?(A,oo)) - Dete(i?(A,H) ■Dete(i?(^,^)). (6.15) 
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6.11. Dependence of the determinant on the angle. Assume that 6* is a principal angle for D. 
Then, cf. j^EHI, for any e > 0, we can choose an Agmon angle 6' e {9 ~ e,9 + e) for D. Let 6" > 6' be 
another Agmon angle for D such that all the angles in the interval [9' , 9"] are principal for D. Then, cf., 
for example, §3.10], 

^L=oCe'(s,^) = ^L=oCe"(s:^) mod 2^j. (6.16) 

Hence, by Definition 16.61 

Bet'g„{D) = I)et'g,{D). (6.17) 

Note that the equality H6.17|l holds because both angles, 9' and 9" , are close to a given principal angle 
9 so that the intersection spec (D) D L^gi^gn^ is finite. If there are infinitely many eigenvalues of D in the 
solid angle L^gi grq then Det'g, (_D) and Detg,,{D) might be different. 

6.12. Graded determinant. Let D : C°°{M,E) C°°{M,E) be a differential operator. Suppose that 
Qj : C°°{M,E) C°°{M,E) {j — 0,...,d) are 0-th order pseudo-differential projections commuting 
with D. Set Vj :— liaQj and assume that 

d 

C-(M,£;)=01/,. 

Definition 6.13. Assume that 9 € [0, 27r) is an Agmon angle for the operator {—iyD\vj, for every 
j — 0, . . . , d. The graded determinant Detgj. g{D) of D (with respect to the grading defined by the pseudo- 
differential projections Qj) is defined by the formula 

Det;,,e(I?) e^^<'.^'^^\ (6.18) 

where 

d 

LDet'^,^g{D) (-1)' LDet', ( {-ly D\v, ). (6.19) 

3=0 

The following is an important example of the above situation: Let E = ® Ej be a graded vector 
bundle over M. Suppose that for each j = Q, . . . ,d, there is a bijective elliptic differential operator 

: C°°{M,Ej) — > C°°{M,Ej), 

such that 9 E [0, 2tt) is an Agmon angle for {—lyOj for all j = 0, . . . , d. We denote by 

d 

D = 0Dj : C°°{M,E) — > C°°{M,E) (6.20) 

the direct sum of the operators Dj . Then (|6.19(l reduces to 

d 

LDet'^,^g{D) - 5](-l)^ LDet', {{-lyD,). (6.21) 

j=o 
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6.14. Case of a self-adjoint leading symbol. Let be a Hermitian metric on the bundle E ^ M 
and assume that the principal symbol cr(D)(a;,^) of the elliptic operator D is self-adjoint, i.e., 

a[Dy[x,0 ^ <D)[x,0. (x,Oer*Af, (6.22) 

where a{D)* {x,^) denotes the adjoint of the operator (j{D){x,^) with respect to the scalar product . 
This assumption implies that D can be written as a sum D = D' + A where D' is a self-adjoint differential 
operator of order m and j4 is a differential operator of order smaller than m. If the leading symbol of D 
is self-adjoint then any angle ^ 0, tt is principal for D. 

Though the operator D is not self-adjoint in general, the assumption l|6.22(l guarantees that it has nice 
spectral properties, cf. |17l §1.6] and §3.9]. Though many of the results of this paper remain valid for 
arbitrary elliptic differential operators which possess an Agmon angle, for simplicity of notation wc will 
often assume that our operators have a self-adjoint leading symbol. 

6.15. ry-invariant. It is well known, cf. |26l that the phase of the determinant of a self-adjoint 
elliptic differential operator D can be expressed in terms of the 77-invariant of D and the ^-function of 
D'^ . We now extend this result to non self-adjoint operators. 

First, we recall the definition of the ry-function of D for a non-self-adjoint operator, cf. |14| . 

Definition 6.16. Let D : C°° {M, E) C°° {AI, E) be an elliptic differential operator of order m > 1 with 
self-adjoint leading symbol. Assume that 9 is an Agmon angle for D (cf. Definition ^. Let n> (resp. 
n< j be a pseudo- differential projection whose image contains the .span of all generalized eigenvectors of 
D corresponding to eigenvalues A with Re X > ( resp. with Re X < 0) and whose kernel contains the span 
of all generalized eigenvectors of D corresponding to eigenvalues X with Re A < (resp. with Re A >0), 
cf. |2()l Appendix B]. We define the rj-function of D by the formula 

mis,D) = Ceis,Uy,D) - Ce{s,U<,-D). (6.23) 

Note that, by definition, the purely imaginary eigenvalues of D do not contribute to r]g(s, D). 

It was shown by Gilkey, |14| . that r]g{s, D) has a meromorphic extension to the whole complex plane 
C with isolated simple poles, and that it is regular at 0. Moreover, the number rig{0,D) is independent 
of the Agmon angle 9. 

Since the leading symbol of D is self-adjoint, the angles ±7r/2 are principal angles for D, cf. Defini- 
tion |^21 In particular, there are at most finitely many eigenvalues of D on the imaginary axis. 

Let m+{D) (resp., m-{D)) denote the number of eigenvalues of D, counted with their algebraic 
multiplicities, on the positive (resp., negative) part of the imaginary axis. Let mo{D) denote algebraic 
multiplicity of as an eigenvalue of D. 

Definition 6.17. The rj-invariant ri{D) of D is defined by the formula 

^ VejO, D) + m+{D) - m^jP) + mo{D) ^4) 

As 77e(0, D) is independent of the choice of the Agmon angle 9 for D, cf. Jl], so is rj{D). 

Let D{t) be a smooth 1-parameter family of elliptic operators with self-adjoint leading symbol. Then 
r](D(t)) is, in general, not smooth but may have integer jumps when eigenvalues cross the imaginary 
axis or cross along the imaginary axis. Because of this, the 77-invariant is usually considered modulo 
integers. However, in this paper we will be interested in the number e^^^^^^ , which changes its sign when 
r]{D) is changed by an odd integer. Hence, we will consider the jy-invariant as a complex number. 
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Remark 6.18. Note that our definition of ri{D) is sUghtly different from the one proposed by Gilkey in 
|14j . In fact, in our notation, Gilkey's 77-invariant is given by r]{D) + m-{D). Hence, reduced modulo 
integers, the two definitions coincide. However, the number e*'^''*^^^ will be multiplied by if 
we replace one definition by the other. In this sense, Definition 16 . 1 71 can be viewed as a sign refinement 
of the definition given in \XA\- 

6.19. Relationship between the 7y-invariant and the determinant. Since the leading symbol of D 
is self-adjoint, the angles ±7r/2 are principal for D. Hence, there exists an Agmon angle 9 £ (— 7r/2,0) 
such that there are no eigenvalues of D in the solid angles i(-7r/2,e] and i(7r/2,e+Tr]- Then 29 is an Agmon 
angle for the operator D^. 

Theorem 6.20. Let D : C°°{M,E) — > C°°{M,E) be an elliptic differential operator of order m > 1 
with self-adjoint leading symbol. Assume 9 G (— 7r/2,0) is an Agmon angle for D such that there are no 
eigenvalues of D in the solid angles i(-7r/2,e] cind i(,r/2,e+7r] (Hence, there are no eigenvalues of in 
the solid angle i(-7r.2e] j- Then ^ 

LDet^P) = 1 LBct',,iD-) - ^n {.(D) - C2#i^!l±ZM^ ) . (6.25) 

In particular, 

Bet'oiD) = e-^^^^(°-^^).e-"(''(^)- ^^"'°'"^^'^"'°'°' ). (6.26) 

In the case when D is invertible the theorem is proven in Section 4 of ^ . The same arguments without 
any changes prove Theorem 16 .201 in the general case. 

Remark 6.21. a. Let 9 be as in Theorem 16.201 and suppose that 9' E (— tt, 0) is another angle such that 
both 9' and 9' + tt are Agmon angles for D. Then, by 16.17|) . 

Bet'g,iD) - Det',(i^), 

(6 27) 

C^,(0,i?2) ^ C2e'(0,^') mod27ri. 

In particular. 

Clearly, (o-^{0,D'^) = (g^lOjD'^) if there arc finitely many eigenvalues of in the solid angle L^g^ g^^. 
Hence, C2e{0,D^) = C29'(0, i:'^). We then conclude from f^lT^ . and that 

Det',,(I?) = ±e-^'^^^'("'^^).e-"(''(^)- '""°'°^'""'°' ). (6.29) 

In other words, for H6.26|l to hold we need the precise assumption on 9 which are specified in Theorem l6.20l 
But "up to a sign" it holds for every spectral cut in the lower half plane. 

b. If instead of the spectral cut Rg in the lower half-plane we use the spectral cut Re+rr in the upper 
half-plane we will get a similar formula 

LDet^+.P) = I LBet'^giD^) + {.(D) . C^O, r-oiD) y 

whose proof is a verbatim repetition of the proof of (|6.25() , cf. Section 4 of |S] . 

■^Recall that we denote by LDetg{D) the particular branch of the logarithm of the determinant of D defined by formula 
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c. If the dimension of M is odd, then, in view of ProDOsition l6.5l C2e(0, Z?^) — —mo{D). Hence, ()f).25(l 
simplifies to 

LDet'ep) = ^ LBet'^giD^) - iiiT]{D). (6.31) 

6.22. 77-invariant and graded determinant. Suppose now that D = ®j=o '^^ (|6.20|l . Choose 
9 e (— 7r/2, 0) such that there are no eigenvalues of Dj in the solid angles i(_Tr/2.9] and i(ir/2.e+7r] for 
every < j < d. From Definition 16 . 1 71 of the 77- invariant it follows that 

vi^D,) = -r^iD,) + mop,). 

Combining this latter equality with H6.21|l and H6.25(l we obtain 

LDet;,,,(i^) = i^(-l)^ LDet'2,pJ) - ^^ ( ^p) - - i ^ (_1)^ C2«(0, i?,^) ) , (6.32) 

where ri{D) — X)j=o vi^j) is the 77-invariant of the operator D = ^j^q Dj and mo(-D) = Ej=o ^o{Dj) 
is the algebraic multiplicity of as an eigenvalue of D. 

Finally, note that, by Remark 16. 211 c. if the dimension of M is odd, and all the operators Dj are 
invertible (so that 1710(0 j) = 0), then (|6.32|) takes the form 



1 

LDetgr,e(^) - - ^ (-1)^ LDet2e(i?|) - in7j{D). (6.33) 

3=0 

6.23. Generalization. The definition (|6.24l) of the 77-invariant easily generalizes to operators acting on 
a subspace of the space C°°(M, E) of smooth sections of the vector bundle E, cf. §4.10]. 

Let D : C°°{M, E) C°°{M, E) be an elliptic differential operator with a self-adjoint leading symbol. 
Let Q : C°°{M, E) — > C°°(M, E) be a 0-th order pseudo-differential projection commuting with D. Then 
V := ImQ C C°° {AI, E) is a £)-invariant subspace. Let n> and n< be as in Definition 16. 161 Let 9 be as 
in Subsection l6.22l and set 

m{s,D\v) - Ce{s,QIly,D) - Ce{s,QTl^,-D), (6.34) 

.ni ^ r;g(0, D\v) + m+{D\v) - m^{D\v) + mo{D\v) 
V(D\v) = ^ ■ (6.35) 

Then, cf. U §4-10], 

Wetg{D\v) = -LBct^giD \v) - in l^ri{D\v) J, (6.36) 

where we used the notation 

C2eis,D\) = C2eis,Q,D^), (6.37) 

cf. (ESI). 

Note, however, that an analogue of H6.31|l does not necessarily hold in this case even if dim A/ is odd, 
because C2e(s, ZJ^jv, ) defined by H6.37|l . is not a ('-function of a differential operator and Proposition l6.5l 
does not necessarily hold. 
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Finally, suppose that V = ® j=o ^ given as in Definition 16.131 Then 

d 

j=o 

- ^-{v{D\v)-^^^^-lj:{~iyCMO,D\,)), (6.38) 

where r]{D\v) = J2'j=o v{D\v,) and moiD\v) = Ei=o '^o(£'|vJ. 

7. The Graded Determinant of the Odd Signature Operator 

In this section we define the graded determinant of the Atiyah-Patodi-Singer odd signature operator, 
Ql Ell of a flat vector bundle E over a closed oriented Riemannian manifold M. We also use this 
determinant to define an element p of the determinant line of the cohomology of the bundle E. Our 
definition is based on the formula which relates the graded determinant of the signature operator and the 
refined torsion in the finite dimensional setting, cf. Proposition 15 . lOl In Section [TTl we will show that, if 
E admits an invariant Hermitian metric, then the Ray-Singer norm of p is equal to 1. Thus the element 
p can be viewed as a refinement of the Ray-Singer metric. In general, however, it might depend on the 
Riemannian metric on M. In subsequent sections we study the metric anomaly of p, use it to "correct" 
p, and then define a differential invariant of the fiat bundle E - a, metric independent element of the 
determinant line of the cohomology, called the refined analytic torsion. 

7.1. Setting. Let M be a smooth closed oriented manifold of odd dimension d = 2r — 1 and let — > M 
be a complex vector bundle over M endowed with a fiat connection V. We denote by V also the induced 
differential 

V:n'{M,E) — >n'+'^{M,E), 
where r2'^(M, E) denotes the space of smooth differential forms on M of degree k with values in E. 

7.2. Odd signature operator. Fix a Riemannian metric g^^ on M and let * : Q*{M, E) —> n'^^'{M, E) 

denote the Hodge ^-operator. Define the chirality operator T = T{g^'^) : n'{M,E) il'{M,E) by the 
formula 

Tcj r(-l)^^ * w, ujen''{M,E), (7.1) 
with r given as above by r = ^ii. This operator is equal to the operator defined in §3.2 of |2] as one 
can see by applying Proposition 3.58 of 3 in the case dimAf is odd. In particular, = 1. 

Definition 7.3. The odd signature operator is the operator 

B = B{y,g^') := FV + VT:VL'{M,E) — > n*{M,E). (7.2) 

We denote by Bk the restriction of B to the space Vl^{M^E). 

More explicitly, the value of the odd signature operator on a form oj £ {M, E) is given by the 
formula 

BkUJ ^'■(-l)^^+l ((-1)^'* V- V* )a; G Q.'^-''-^{M,E) (Bn'^'''+^{M,E), (7.3) 

The odd signature operator was introduced by Atiyah, Patodi, and Singer, jTl p. 44], |21 p. 405], in 
the case when E is endowed with a Hermitian metric invariant with respect to V (i.e. invariant under 
parallel transport by V). The general case was studied by Gilkey, p. 64-65]. 
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Lemma 7.4. Suppose that E is endowed with a Hermitian metric . Denote by (•, •) the scalar product 
on n*{M,E) induced by and the Riemannian metric g^^ on M. Then 

1. B is elliptic and its leading symbol is symmetric with respect to the Hermitian metric h^ . 

2. If, in addition, the metric h^ is invariant with respect to the connection V, then B is symmetric 
with respect to the scalar product (•,•), 

B* = B. 

If the metric is not invariant, then, in general, B is not symmetric. 

The proof of the lemma is a simple caleulation. The first part is already stated in 2^ p. 405]. The 
second part is proven in the Remark on page 65 of |14| . 

7.5. Decomposition of the odd signature operator. Set 

r — 1 r 

fi'=™'^(M, £;) := ^n^P{M,E), n°'^'^iM,E) ^n^P-\M,E), 

p—0 p—1 

r-1 

Seven := 0S2p: r!^™"(M,i?) ^]°™"(M,i?), 

r 

p=i 

Since = 1 we obtain 

Sodd = T O Bcvcn°T\^add(^]^i E)- C^-^) 

Hence, the whole information about the odd signature operator is encoded in its even part /Seven. The 
operator Seven can be expressed by the following formula, which is slightly simpler than H7.3|) : 

Seven ^ ( * V - V * ) tJ, for LJE n^P{M, E). (7.5) 

Note that for each k ~ . . . ,d, the operator B^ maps Vl^{M, E) into itself. Suppose I is an interval of 
the form [0, A], (A,/i], or (A, oo] {fi > X > 0). Then 11^2 j is the spectral projection of B^ corresponding 
to 1, cf. Subsection 101 Set 

nj{M,E) ■= IlB2^x{n'iM,E)) C n'{M,E). 

Recall from Subsection l6.1UI that if the interval I is bounded, then the space fi* (M, E) is finite dimen- 
sional and is equal to the span of the generalized eigenforms of B^ corresponding to eigenvalues with 
absolute value < A. In general, r2j(M, E) contains the span of the eigenforms of B^ corresponding to 
eigenvalues whose absolute value lies in X. 
For each k — 0, . . . ,d, set 

n'l j{M,E) := Ker(Vr) n Q^{M,E) = (r(Ker V)) n nf^{M,E); 

nt,x{M,E) := Ker(FV) n 0|(M,£;) = Ker V n r2|(M, £;). '"'''^^ 

Clearly, 

n^{M,E) ^ nl j{M,E) ®n'L j{M,E), if o^i. (7.7) 

We consider the decomposition (|7.7|) as a grading ^ of the space 17* (M, E), and refer to ^l'^ x{M, E) and 
fi'l E) as the positive and negative subspaces of ri^(M, E). 

■^Note, that our grading is opposite to the one considered in |5] §2]. 
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As both, r and V, commute with B^, we conclude that, for fc = 0, . . . , d, 

r: ni^iiM,E) n'l^-^{M,E), (7.8) 

and 

V : Q'l^jiM,E) — y n'^^{M,E). (7.9) 
Denote by the restriction of B to fi|(M, E) and by B^'^ the restriction of B to l^±_i(M, E). Then 
B^'^ : nl j{M,E) — > n'^-^-HM,E), oj^^TWoj; 
B^-^ : 9t_x{M,E) — > nt-^+\M,E), lo^VTlo. 

7.6. Graded determinant of the odd signature operator. Let T be an interval of the form [0, A], 
(A, fi], or (A, oo] (^ > A > 0) and define 

r-l 

17^±T(M,i?) = 0f^lP^(M,i?). 

Let B-^, /Bj^on; Sqjj^ denote the restrictions of B to the subspaces V,j{AI,E), riJ™"(A/, i?), and 
n':f'^{M,E) respectively. Then 

Ce„: ^TiiM.E) ^rZ'^{M,E). 

Let yB^CTi denote the restriction of Sjf^on to the space f2jy™(Af, i?). Clearly, the operators S^'on ^'^'^ 
bijective whenever ^ X. 

By Definitions 15.51 and 16.131 for every X, the graded determinant of B^^^^ is given by the formula 

Det;,,,(Ce„) := ei^D<.«(^o™J, (7.10) 

where 9 € (— tt, 0) is an Agmon angle for the operator B-^^^^^, and 

LDet;,^,(Cj := LDct^, - LDet;, ( - S-^) G C. (7.11) 

Clearly, for < A < ^, we have 

Detgr,e(6(^or^) = Detg,,e(6(^^i;l)-Detg,,,(6(t;--)). (7.12) 

Note also that since the rank of Sovm is finite, Detg^ g(Bcvcn) is independent of 9 and is equal to the 
product of the eigenvalues of Seven' . 

7.7. The canonical element of the determinant line. Since the covariant differentiation V commutes 
with B, the subspace Qj{M, E) is a subcomplex of the twisted de Rham complex (il'(Af, i?), V). Clearly, 
for each A > 0, the complex Vl'y^ (M, E) is acyclic. Since 

n'{M,E) = %^^^{M,E) ®ni^^^.^{M,E), (7.13) 

the cohomology H*^ (Af, E) of the complex Q.'^ ^ (A/, E) is naturally isomorphic to the cohomology 
H*{M,E) oiQ.*[M,E). 

Let Fj denote the restriction of F to r2j(Af, i?). For each A > 0, let 

Pr,,,, = Pr,„^,(V,/Oe Det(i7foa](^^.^)) (7-14) 

denote the refined torsion of the finite dimensional complex (17*q (Af, S), V) corresponding to the chi- 
rality operator Fj^ , cf. Definition ^31 We view as an element of Det(if*(Af, E)) via the canonical 

isomorphism between ffr* _)^i(Af, E) and H'{M, E). 
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From Proposition 15 . 101 H7.12|l . and H6.17|l . we immediately obtain the following 
Proposition 7.8. Assume that 9 G (— tt, 0) is an Agmon angle for the operator Seven- Then the element 

p = p(V,/0 Detg,,e(Cc5r^)-Pr,„,, e Det(H-(A/,i?)) (7.15) 

is independent of the choice of X > 0. Further, p is independent of the choice of the Agmon angle 
0e (-^,0) of B 

even • 

If the odd signature operator is invertible then H*{M, E) ~ 0. In this case, Det(_ff*(il/, E)) is canon- 
ically isomorphic to C and pp =1. Hence, p is a complex number which coincides with the graded 

determinant Detgr,ei(Sevcn) = Detgr_9(6ovcT'')- This case was studied in [5]. 

8. Relationship with the t^-invariant 

In this section, we study the relationship between the graded determinant H7.1U|I and the 77-invariant of 
Seven"''- For the special case when B is bijective and A = this relationship was established in Section 7 
of 0. 

To simplify the notation set 

= miy.g'') ^(S^^e^^), (8-1) 

and 



6 = U^,9'',9) := i^(-l)^■LDet2.(S::(^f o6+'(^-): 

d-l 

= -^(-l)^LDet2e((rV)^| ) 



(8.2) 



where Q £ (— 7r/2, 0) and both, 9 and 9 + n, are Agmon angles for Seven (hence, 29 is an Agmon angle for 
B^ ) 

It is shown in Section 8.4 of ^ that 



6 := i^(-l)^+ijLDet24(6(^-))2| 



(8.3) 



d 

J 1 II" / I vl H-'.\,nQ 1 1 I V I -t- 1 V I 

2 - , , 

Set 

d,-A := dimf^^„,^j(M,S), j=0,...,d. (8.4) 

Proposition 8.1. Let V he a flat connection on a vector bundle E over a closed Riemannian manifold 
{M,g^^) of odd dimension d — 2r ^ \. Assume 9 G (— 7r/2,0) is an Agmon angle for the odd signature 



%n [3 we only considered the case when B is bijective and A = 0. But the arguments leading to formula (8.7) of 
work without any changes in our more general situation. 
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operator B ~ B{W, g^^) such that there are no eigenvalues of B in the solid angles i(-7r/2,e] o,nd L(^/2.e+7r] • 
Then, for every A > 0, 

d 

LDeV,e(6(^'5f)) = G - ^TTTj^ - ^ ^(-l)Jjd^.,. (8.5) 

Proof. Since the operator sivcn"'' has no zero eigenvalues, we conclude from (|5.38|l , that to prove ()8.5|) it 
is enough to show the following two identities 

2a = LDet2e(S+i^'°°')2 - LDetse (S-'i^""))'; (8.6) 

d 

(2o{OABUn^^r) C2«(0,(6-i^-))^) = ^(-l)^id,-,. (8.7) 
A verbatim repetition of the arguments which led to formula (7.17) of implies that 

From and we obtain 



2a = -I 
ds ' 



C29{sAB+cnr) - C2ois,{B-,,J') . (8.9) 



Hence (|8.6|l is established. 

Combining H8.8|l and Proposition 16. 51 we obtain H8.7|l . □ 

9. The Metric Anomaly of p and the Definition of the Refined Analytic Torsion 

In this section we study the dependence of the element p = piy,g^'') defined in (|7.15|l on the Rie- 
mannian metric 5*^. In particular, we show that, if dimM = 2r — 1 = 1 (mod 4), then p is independent 
of 5*^. We then use these results to construct the refined analytic torsion - a canonical element of 
Det (i?*(M, i^)) which is independent of the metric, i.e., is a differential invariant of the flat vector 
bundle {E,V). 

9.1. Relationship between p{t) and the 77-invariant. Suppose that gf^ , t G M, is a smooth family of 
Riemannian metrics on M . Let 

p{t) = p{W,gf') e Det {H'{M,E)) (9.1) 

be the canonical element defined in (|7.15() . 

Let Ft denote the chirality operator corresponding to the metric 5*^, cf. (|7.1|) . and let B{t) — B{\/, g*^) 
denote the odd signature operator corresponding to the Riemannian metric g^ . 

Fix to G K and choose A > so that there are no eigenvalues of B{to)'^ whose absolute values are equal 
to A. Then there exists (5 > such that the same is true for all t G {to — 5, to + 5). In particular, if we 
denote by fi'^ ^(M,E) the span of the generalized eigenvectors of B{t)'^ corresponding to eigenvalues 
with absolute value < A, then dim fi'p t(-^j E) is independent of i e (to — S,to + S). We set 

dj.A := dimf7|?o,^]_^(M,£;), j^O,...,d, t e [to - 6,to + S). (9.2) 
By definition l|7.15|l . 

p{t) = Detgr,e(6(^crHt))-Pr,,„,„- (9.3) 
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For each t £ {to — S, to + S) and 6 e (— 7r/2, 0), such that 9 and 6 + n arc Agmon angles for B'^'^'°°\t), 
let us introduce the following short notation for the quantities introduced in (|8.1(l and H8.2(l 

Assume that 9o £ (— 7r/2, 0) is an Agmon angle for B{to) — S(V, gf'^) such that there are no eigenvalues 
of B{tQ) in the solid angles i(-7r/2.en] ^^"^ -^(7r/2,eo+7r)- Choose S, if necessary, smaller, so that for every 
t G {to — S, to + S) and every j = 0, . . . , d both, and Oo + tt, are Agmon angles of Bj^'°°\t). For t to 
it might happen that there are eigenvalues of B^'^-°°\t) in L(-^7r/2.eo) and/or i(7r/2,eo+7r)- Hence, H8.5|l is 
not necessarily true, in general, for t ^ to- However, from H6.16|l and (|8.2(l . we conclude that for every 
angle 9 S (— 7r/2,0), so that 9 and 9 + n are Agmon angles for B^^'°"''{t) (and, hence, 29 is an Agmon 
angle for B^^-°°'> {t)^), 

Ut,0) = Ut,0o) mod TTZ, (9.4) 

Thus, from ()8.5|). we obtain 

/9(0 = ie^^^*'''") • e"*''''^^*) • e-'s' Sjto (-i)'J -ij.. 



• Pi 



t,[0,A] 



(9.5) 



Lemma 9.2. Under the above assumptions, the product e^^^*'^°^ -pp^ S Det {H*{M, F)') is independent 
of te {to-6,to + S). 

Proof. Recall that we have chosen A > and (5 > so that there are no eigenvalues of B{t)^ with absolute 
value A for any t £ {to — S, to + S). 

We shall use the following notation (cf., for example, Section 2 of [H]): Suppose f{s) is a function of 
a complex parameter s which is meromorphic near s — 0. We call the zero order term in the Laurent 
expansion of / near s — the finite part of f at and denote it by F. p.s=o f{s)- A verbatim repetition 
of the proof of formula (9.13) of 5 shows that 

d 



JtUt,0u) - i^(-l)^F.p.,=oTr 



200 



(9.6) 



Since B^{t) is an elliptic differential operator, the dimension of il'^ (A/, E) is finite. Let e 7^ be a small 
enough real number so that B{t) + e is bijective and 26*0 is an Agmon angle for {B^^-°°^t))'^ + e. Then, 
for each j = 0, . . . , d, we have 



F. p.s=o Tr 



(^{B<-^'^\t)y 



F. p.s=o Tr 



200 



Ft F( 



(^{B<^^'^\t)y 



200 



Tr 



(9.7) 



(J\/,-B) 

By a slight generalization of a result of Seeley [21 , which is discussed in and, in greater generality, 
in |15| . the first summand on the right hand side of H9.7|l is given by a local formula, i.e., by the integral 
Jj^ (pt of a differential form <f>t , whose value at any point x £ M depends only on the values of the 
components of the metric tensor gf^ and a finite number of their derivatives at x. Moreover, since the 
dimension of the manifold M is odd, the differential form (f>t vanishes identically. Thus we obtain from 
(|n3I) and (|n2I) 



|a(t,0o) = -i^(-l)^Tr[f,r, 



(9.8) 



3=0 
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Combining this equation with Proposition 14. 91 we get 

dt ^^t,[o.x] 



□ 



9.3. Dependence of the 77-invariant on the metric. From l|9.5|l and Lemma 19.21 we see that the 
dependence of p{t) on t £ (to ~ S,tQ + 5) is determined up to a sign by the dependence of rix{t) on t. 

Lemma 9.4. For any ti,t2 G (to — S,tQ + 6) we have 

Vxih) - Vxih) = v{Bcvcnih)) - r/ (Seven (^2)), mod Z. (9.9) 

Proof. Recall that fi'g t(-^: E) denotes the span of the generalized eigenvectors of B{t)'^ corresponding 
to eigenvalues with absolute value < A and that A and S were chosen so that 

dimf^jg^j j(M,£:) = const, t e {to - S,tQ + S), j ^ 0, . . . ,d. (9.10) 

Since the dimension of the space rjjj]'™ ^(M, £^) is finite, formula H6.34|l says that ?7(0, Scvcn(t)) is equal 
to the sum of the algebraic multiplicities of the eigenvalues of B^cl (t) with positive real parts minus the 
sum of the algebraic multiplicities of the eigenvalues of B^clit) with negative real parts. It then follows 
from that 

^te-'i(i)) ^ ^dimfifo-4,(Af,£;), mod Z. (9.11) 
By the definition of the 7y-invariant, 

v{Bo.cnit)) - vx{t) = viB^'^oKt))- 
Hence, from (|9.1U|) and H9.11|l . we conclude that, modulo Z, 

v{l3even{t)) - r]x{t) = const 
forte {to- S, to + S). □ 



We now need to study the dependence of ?7(Scvcn(V, 5^^)) on the Riemannian metric g^^. Fortunately, 
this was essentially done in and ^1]. Below we present a brief review of the relevant results. 

Let yStriviai = Btrivia\{g^) ■ fl^''^'^{M) — > 17°™'^(M) denote the even part of the odd signature operator 
corresponding to the metric g^^ and the trivial line bundle over M endowed with the trivial connection. It 
is shown on page 52 of lU (see also Theorem 2.4 of [2] where the case of unitary connection is established) 
that modulo Z the difference 

?7(Bevcn(V,<?^^)) - (rank^;) 77(Striviai(/')) (9.12) 

is independent of the Riemannian metric. 

Let us describe the dependence of 77(Striviai(5*'^)) on the metric. 
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9.4.1. Case when M bounds an oriented manifold N' . Suppose, first, that M is the oriented boundary 
of a smooth compact oriented manifold N' . Let sign(A^') denote the signature of N' , cf. 1^. This is 
an integer defined in purely cohomological terms. In particular, it is independent of the metric. The 
signature theorem for manifolds with boundary (cf. Theorem 4.14 of T and Theorem 2.2 of 0) states 
that 

sign(iV') = / L{p,g'') - v{BtrWi.i{9")) , (9.13) 
Jn' 

where L(p, g*^) is the Hirzebruch L-polynomial in the Pontrjagin forms of any Riemannian metric on N' 
which near M is the product of g^^ and the standard metric on the half-line. It follows from (|9.13l) that 
Jj^, L{p, g*^) is independent of the choice of such a metric on N' . Note that if dim Af = 1 (mod 4) then 
L{p,g^'^) does not have a term of degree dimA'^' and, hence, J^, L{p,g^^) — 0. 

Combining H9.13|l with the metric independence of sign(7V'), H9.9|l . and (j9.12(l . we conclude that, 
modulo Z, 

Mt) - (ranki?) / L(p,gf) (9.14) 
Jn' 

is independent of t G (tg — S,tQ + S). It is also independent of the choice of N' since for different choices 
of N' , the integral Jj^, L{p,g^^) differs by an integer. 

9.4.2. General case (M does not necessarily bound an oriented manifold) . In general, there might be no 
smooth oriented manifold whose oriented boundary is diffeomorphic to M . However, since dimM is odd, 
there exists an oriented manifold N whose oriented boundary is the disjoint union of two copies of M 
(with the same orientation), cf. [30], [531 Th. IV. 6. 5]. Then the same arguments as above show that 
modulo Z 

, , ranks f , , ^ 

mit) ^ / Lip,g^) (9.15) 

is independent of i G (io — 6,tQ + 6). In particular, if dim AI = 1 (mod 4), then modulo Z, ri\{t) is 
independent of t. 

Note, however, that replacing r]x{t) by (|9.15|) removes the dependence of the metric, but creates a new 
dependence on the choice of the manifold N. For different choices of N, the integrals L{p,gf^) might 
differ by an integer. Thus the expression (|9.15() is well defined as a function of V only modulo '-^^ Z. 

9.5. Removing the metric anomaly. We are now ready to state the main result of this section. 

Theorem 9.6. Let E be a fiat vector bundle over a closed oriented odd- dimensional manifold M . Let 
N be an oriented manifold whose oriented boundary is the disjoint union of two copies of M . For each 
Riemannian metric g*^ on M consider 

p{V,g^')-e''''^ L(p,g") g Det(fl"*(M, £:)), (9.16) 

where p(V, g^) G Det(i7*(M, E)) is defined in l|7.15|) and L{p, g*^) is the Hirzebruch L-polynomial in the 
Pontrjagin forms of any Riemannian metric on N which near M is the product of g^'^ and the standard 
metric on the half-line. Then the element H9.16|l is independent of g^ . 

Ln particular, if dimM = l(mod4), then jj^L{p,g^^) = and, hence, p{W,g^^) is independent of g^'^ . 

Proof. Let gf^, [t G K) be a family of Riemannian metrics on M . We shall use the notation of Subsec- 
tion From l|9.5|l we obtain for t G (to — 5, to + S) 

o(t) ■ e*'^'^ ^« ifesf ) = ±e«^(*) • e-''""-^''' ■ e^^f i:'=o (-i)'J ^^^.a . . . g*'^ /« ^feff ) 
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Combining this latter equality with Lemma 19.21 and the metric independence of the reduction of (|9.15(l 
modulo Z we conclude that for any ti, t2 G {t — S,t + S) 

p(ii)-e*"'^ -f" ^(P'sf) ^ ±p(t2).e*"'^ -^^ ^(f'S*') (9.17) 

Since the function t i-^ p{t) ■ e^'" ^ /« ■^'(p.St ) jg continuous and non-zero the sign in the right hand 
side of H9.17|l must be positive. Hence, the theorem is proven. □ 

9.7. The definition of the refined analytic torsion. We now arrive to the main definition of the 
paper. 

Definition 9.8. Let E be a complex vector bundle over a closed oriented odd- dimensional manifold M 
and let V be the flat connection on E. The refined analytic torsion pan = Pan(V) is the element of 
Det{H'{M,Ej) defined by (ESI- 

Remark 9.9. The refined analytic torsion is independent of the angle 9 € (— tt, 0) and of the metric. But it 
does depend on the choice of the manifold N . However, from the discussion at the end of Subsection 19 . 4 . 2l 
we conclude that /Oan(V) is defined up to multiplication by j'= 'a-nk-E ^ jj? j-^nkii^ is even then 
Pan(V) is well defined up to a sign, and if rank_E is divisible by 4, then Pan(V) is a well defined element 
of Det(iJ'(Af, E)). 

(Here a quantity being well defined means that it depends only on M , E and V.) 

Remark 9.10. If Af is the oriented boundary of a smooth compact oriented manifold N' , one can define 
a version of the refined analytic torsion: 

p;„(V) p{W,g'') -exp^^iTT- rank E I^ L{p,g'')). (9.18) 

Note that the indeterminacy in the definition of /9'(V) is smaller than the indeterminacy in the definition 
of p(V), cf. Subsection 19.4. II p'(V) is well defined up to a sign. If rankE' is even, then /Can(^) is a well 
defined element of Det{H* {M, E)). 

10. A Duality Theorem for the Refined Analytic Torsion 

In this section we establish a relationship between the refined analytic torsion corresponding to a flat 
connection and that of its dual. This result is used in the next section in order to calculate the Ray-Singer 
norm of the refined analytic torsion, but it is also of independent interest. 

10.1. The dual connection. Suppose M is a closed oriented manifold of odd dimension d = 2r — 1. Let 
E M he SL complex vector bundle over M and let V be a flat connection on E. Fix a Hermitian metric 
on E. Denote by V the connection on E dual to the connection V. It is defined by the formula 

dh^{u,v) = h^{Wu,v) + h^{u,Vv), u,v & C°^{M,E). 

For wi, W2 e n*{M, E) of the form uJ, = s^® Xi with s, e C°°{M, E), £ n*{M, M), define 

/i^((si®Xi)A(s2®X2)) := ^^(si,S2)-XiAx2. (10.1) 

Then extends in a canonical way to a sesquilinear map 

: n'{M,E) xn'{M,E) — > n'{M,C). (10.2) 

For each j = 0, . . . , d, we then obtain a sesquilinear pairing 

n^M,E) X n'^-^{M,E) — > C, (wi,W2) ^ I /i^(wiAw2). (10.3) 

J M 
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We denote by E' the flat vector bundle [E, V), referring to E' as the dual of the flat vector bundle E. 
The pairing 1)10. induces a non-degenerate sesquilinear pairing 

W{M,E')®H'^-\M,E) — > <C, j = 0,...,d, 

and, hence, identifies H^{M,E') with the dual space of H'^^^ {AI, E). Using the construction of Sub- 
section (with T : C C being the complex conjugation) we thus obtain an anti-linear isomorphism 

a : Det{H'{M,E)) — > Bet {H' {M , E')) . (10.4) 

10.2. The duality theorem. Fix a compact oriented manifold N whose boundary is diffeomorphic to 
two disjoint copies of M. From Subsection l9.4.2l we conclude that the number 

exp(^2inr]{\/,g'^^)-iTT mnkE J L(p,/=^)), (10.5) 

where rj denotes the complex conjugate of rj, is independent of the choice of the Riemannian metric g^^. 
The main result of this section is the following duality theorem. 

Theorem 10.3. Let E M be a complex vector bundle over a closed oriented odd- dimensional manifold 
AI and let V be a flat connection on E. Let V' denote the connection dual to V with respect to a Hermitian 
metric h^ on E. Let N be a compact oriented manifold whose boundary is diffeomorphic to two disjoint 
copies of AI . Then 

«(pa„(V)) = Pan(V') • ^^-^(V.s")— rank /„ Lfeg-)^ (^q g) 

where a is the anti-linear isomorphism (|10.4() . g^^ is any Riemannian metric on M, and L{p,g^) is the 
Hirzebruch L-polynomial in the Pontrjagin forms of any Riemannian metric on N which near M is the 
product of g^ and the standard metric on the half-line. 
In particular, if dim A/I = l(mod4), then 

a(pa„(V)) = pan(V')-e2-^(^'S''). (10.7) 

The rest of this section is concerned with the proof of Theorem I1U.3I 

10.4. Choices of the metric and the spectral cut. Till the end of this section we fix a Riemannian 
metric g^^ on AI and set B = 6(V, 5*^) and B' = 6(V', .g*^). We also fix an Agmon angle 9 e (-7r/2, 0) 
for the odd signature operator B = B{W,g^^) such that there are no eigenvalues of B in the solid angles 

L[-d-Tr-T7/2], -^(-7r/2,6l]i i[-e,7r/2), ^ud i(^/2,e+7r]- 

Let B' denote the odd signature operator associated to the connection V and the metric g^^. One 
easily checks, cf. Prop. 3.58], that 

V* = rv'r and (V)* = rvr. (lo.s) 

Using 1)7.2(1 . (|10.8|) . and the equality F* = F (cf. Proposition 3.58 of 3 ), one readily sees that the adjoint 
B* of B satisfies 

B* ^ B'. (10.9) 
Our choice of the angle 9 guarantees that ±29 are Agmon angles for the operator 

(FV)' = ((rv)2)*. 

In particular, for each A > 0, the number , g^^ ,9) can be defined by formula 1(8. 2|l . with the same 

angle 9 and with V replaced by V' everywhere. 
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10.5. A choice of A. Since the leading symbol of B is self-adjoint, there are at most finitely many purely 
imaginary eigenvalues of B. Hence, there exists A > such that there are no purely imaginary eigenvalues 
of B with absolute value > \/A. In other words, the operator S*-'^'""-' does not have purely imaginary 
eigenvalues. Moreover, our assumptions on 9 in Subsection II . 41 implv that no eigenvalue of lies 
in the sohd angles L[_e_7r,9] and L[_e_e_|_^]. It follows that no eigenvalue of the operator lies in 

the solid angle L[_2e,20+27r]- 

Lemma 10.6. Let 6 be as in Subsection \10.4\ and let X > be big enough so that the operator B^^'°°'^ 
does not have purely imaginary eigenvalues. Then 

6(v',/^0) = lA-^^g^^e), (10.10) 

and 

r/A(V',/^) = r7,(V,/^), (10.11) 
where z denotes the complex conjugate of the number z G C. 

Proof. Let B'^^'°°^ denote the restriction of B' to the span of the generalized eigenvectors of (S')^ corre- 
sponding to the eigenvalues whose absolute values are greater than A. From (|10.9(l . we obtain 

Hence, with our assumptions on 6, we have, for any = 0, . . . , d. 



LDet^4(S'(^'-))^ . = LDct'_24((S'(^--))*) 



LDet'_2,((S(^'-))^ 



(10.13) 



Since there are no eigenvalues of {B^^'°^''Y the solid angle i[-26i.2e+2ir]7 
LDet'_,,((S(^-))^ _ ) = LDet;,,((S(^-))^ 



The equality ()10.10|l follows now from l)10.13|l and the definition of ^a(V, 3*^, 6*). 

Let H> (resp. H<) denote the spectral projection of B onto the span of all generahzed eigenvectors 
of B corresponding to eigenvalues with positive (resp. negative) real part. Let Q denote the spectral 
projection of B onto the span of all generalized eigenvectors of B corresponding to eigenvalues whose 
absolute value is larger than A. Let H'>, H'^, and Q' be similarly defined spectral projections of B' . Then, 
since the operators B'^^'°"^ and iS't-*^'""' have no purely imaginary eigenvalues, we conclude from 
and that 

even 

) - Ce(0,QH<,6 

even ) i 



2iix{^\gn = Ce(0,Q'H'>,6^,,„) - Ce(0,Q'H'<,S^,,J. 



(10.14) 



From (|10.12l) and our assumptions on 9^ we obtain 

Ce(s, (9'H>,S^von) = (0(5, QH>,i3ovcn), 

n - 10.15 

Ce(s,Q'H'<,S^,,„) = e-2--.C,(s,gH<, Seven). 

The equality (|10.11|l follows immediately from H10.14() and (|10.15|1 . □ 
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10.7. Small eigenvalues of B and B'. Let fl'^ ^-^ (Af , E') C il' {M, E) denote the span of the eigenvectors 
of {B'Y corresponding to the eigenvalues with absolute value < A. Then f^'p (Af, i?') is a subcomplex 
of (il*(Af, E), V') preserved by the chirality operator F. 

The pairing H10.3|l defines a non-degenerate sesquilinear pairing 

^\^,^^{M,E') X ^I'^ipI.E) C, (10.16) 

and, hence, identifies il*Q x^{M, E') with the dual complex of f^'p ^^{M, E). 
As in Section |S1 set, for j = 0, . . . , d, 

= d\m%,^^{M,E), = dim0^p_^](A/,i?'). 

Since = 1, we obtain from (|7.2I) . Bj = F o S^-j o F and, hence, 

F ( l]jp (Af, £;) ) = nl^l^ {M,E), J = 0, . . . , d. 

Therefore 

dj-A = dd_j-A, j = 0,...,d. (10.17) 

Hence, 

d r — 1 r — 1 r— 1 

^(-l)^jdj,A = ^ ( 2p - (d - 2p) ) d2p,A - 4^pd2p,A - d^d2p,A. (10.18) 

j=Q p=0 p=0 p=0 

In particular, 

d r-1 

J2{-iyjd,,x = ^c?2p.A = dimf^fo™^1(A/,S), mod 2Z. (10.19) 

i=o p=o 

From pu.9|l . we conclude that d^^A — d'^-j a {j — ■ ■ t^)- Combining this equality with 11U.17|I . we 
get dj,A = \- Hence, by pU.19|) . 

d 

^(-l)-'jd;-^ = dimr!fo™1(A//,i?), mod 2Z. (10.20) 

j=o 

From (|HU, ^JQ, and (|10.20|l . we obtain, modulo 2Z, 

2^(Scven(V,/'^)) = 2 7y(S(^i-)(V,/0) + 2 77(S[°Ve^l(V,/-^)) 

^ 2ryA(V,/0 + 

J=0 



Similarly, 



2rK6cven(V',g^^)) = 2r,A(V',/0 + ^ (-1)-' j d,- a, mod 2Z. (10.21) 

3=0 
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10.8. Proof of Theorem 1 10.3L Let p'^ denote the refined torsion of the complex fi'p (M, E') asso- 
ciated to the restriction of F to ri*(, ^[,^^ E'). 

Since F* = F (cf. Proposition 3.58 of we obtain from Lemma [4.111 and the definition H10.4|l of a, 

P' = a(Pr )■ (10-22) 

From (|7.15|) . H8.5|l . and Definition 19.81 we obtain 

Pan(V) = p.j^^j •exp(6(V,/^0)-*7r77A(V,/O 

in , ^ ,- . ranki? f , nt,\ , 

-tE(-1) ■?'^^.^+*'^^— / ^iP^9' ))- (10.23) 
j=o •'^ 

Since a is an anti-hnear isomorphism, a{pan • -z) = a(Paii) • ^ for any z £ C. Hence, from (ll().22|l and 
CSM we get 

a(pan(V)) = p' •exp(?,(V,g^,0)+i^ry;,(V,g^) 

+ ?E(-1)^J-^.---^ / i(^^,/0)- (10.24) 
j=o "'^ 

Using Lemma [10.61 and the analogue of (|10.23() for Pan(V'), we obtain from (|10.24|l 
a(Pan(V)) = Pan(V')-exp(2z^?7;,(V,/0 

d „ 

+ i7r V(-l)^jdj A -iTT ranki; / L{p,g^^)). (10.25) 
,=0 -^^ ^ 

From (|10.25|l and 11Q.21|I we obtain ^SM- D 



11. Comparison with the Ray-Singer Torsion 
In this section we calculate the Ray-Singer norm ||Pan|lD^t.f ij. (•»,/ e;\\ of the refined analytic torsion. In 



particular, we show that, if V is a Hermitian connection, then ll/OanllDetCff'CA/ bh ~ 1- 



Dct(ff'(M,_E)) 
RS 

\Dct{H'{M.E)) 



11.1. The Ray- Singer torsion. Let E M be a complex vector bundle over a closed oriented manifold 
M of odd dimension d = 2r ~ 1 and let V be a flat connection on E. Fix a Riemannian metric g^^ on 
AI and a Hermitian metric on E. Let V* denote the adjoint of V with respect to the scalar product 
(., •) on n'{M, E) defined by and the Riemannian metric g^^ . Let 

A = V*V + VV* (11.1) 

be the Laplacian. We denote by the restriction of A to Vl^{M, E). 
The Ray-Singer torsion T^^ of [1211111, is defined by ^ 

T«s ^ r«S(V) := exp ( - ^ (-1)^= k LDet'_ JA^) ) , (11.2) 

fe=0 



^Our sign convention is different from I22| . (9| . and but is consistent with f?. In our notations, the torsion defined ir 
HUiniEl is equal to l/T^^. 
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Note that is a self-adjoint non-negative operator. Therefore, all its eigenvalues are non-negative and 
LDet'_^(Afc) is well defined. 

More generally, suppose I is an interval of the form [0, A], (A, fi], or (A, oo] (/i > A > 0) and let IlAk,i 
be the spectral projection of A corresponding to I, cf. Subsection 16. 101 Set 

n^{M,E) := nA,^x{n'{M,E)) C n'{M,E). 

Let Af denote the restriction of A^ to Ctj{AI,E) and define 

TP =T|S(V) := cxp (i ^(-l)'=fc LDctU(Af))). (11.3) 

fc=0 

In particular, by flT^ . T^^ = TJ^^oo)- % (|05|) . for any non- negative real numbers /i > A > 0, 



T^RS T^RS T-iRS /II \ 



-(0,. 

11.2. The Ray-Singer metric on the determinant line of cohomology. If the connection V is 
acyclic, i.e., if the cohomology H'{M,E) vanishes, then the Ray-Singer torsion is independent of the 
Hermitian metric and the Riemannian metric g*^, cf. 123 U- If the cohomology does not vanish, then 
yRS^ in general, depends on the choice of the metrics. To construct a metric independent invariant of 
the flat vector bundle E one needs to take into account the contribution of the space of harmonic forms. 
An elegant way to do this, which was proposed by Quillen |21j . is to construct a norm || • \\Y)et{H'(M e)) 
on the determinant line of H* {M, E), called the Ray-Singer metric, which is independent of and h^. 
We now briefly recall this construction. 

For each A > 0, the cohomology of the finite dimensional complex (Cl'^ (M, E), V) is naturally isomor- 
phic to H*{M, E). Identifying these two cohomology spaces, we then obtain from H2.14|) an isomorphism 

= 0,,. Det(f2fo,,](M,i?)) Det {H'{M, E)) . (11.5) 

[0, A] 

The scalar product (•,•) on il'p (Af , i?) C ft'{M,E) defined by g*^ and induces a metric on 
the determinant line Det (M, i?)) . Let || • ||a denote the metric on Det [H*{M, E)) such that 

the isomorphism l|11.5|l is an isometry. It is well known, cf., for example. Theorem 1.1 of [3], that for 
< A < /X 

Ml. = \\-h-T^% (11-6) 
The Ray-Singer metric on Det {H*{M, E)^ is defined by the formula 

II ■ llDot(_f/«(Af,£;)) II • IIa • ^(A^oo)' A > 0. (11-7) 

It follows immediately from (|11.4() and 111.6|l that || • |lDot(_f/«(M e)) independent of the choice of A > 0. 

Theorem 11.3. Let E be a complex vector bundle over a closed oriented odd- dimensional manifold M 
and let V be a flat connection on E. Then 

lU l|RS _ „7r Imj)(V,s^^) /i 1 

IIPan|lDot(_f/'(Af,E)) " ' U-^-Oj 

where 

7y(V,5^^) = 77(Sevc„(V,/0)- 

In particular, if W is a Hermitian connection, then ri{y,g^^) G R and 

\\P^n\\^liH'iAI,E)) = 1- (11-9) 

The rest of this section is concerned with the proof of Theorem 111.31 
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11.4. Choice of the spectral cut. The determinants in H11.2|l and (jl 1.3(1 are defined using the spectral 
cut -R-TT along the negative real axis. Since the spectrum of the operator lies on the positive real axis, 
we can replace R^-n with a spectral cut Rj for any nonzero — tt < 7 < tt without changing the value of 
Detg(Afc). In particular, we can take the spectral cut along i?2e, where 9 S (— 7r/2, 0) is any Agmon angle 
for the odd signature operator B = i3(V, g^) such that there are no eigenvalues of B in the solid angles 
-^[-0-7r,-7r/2], i(-7r/2,0]7 -^[-0.7r/2), ^nd L(7r/2.e+7r] ■ Wc fix such an angle 9 till the end of this section. 

11.5. The Ray-Singer metric and the dual connection. Let V' be the connection dual to V with 
respect to the Hermitian metric , ci. Subsection llO.il and let E' denote the flat bundle {E, V'). Let 

A' = (V')*V' + V'(V')*, 

denote the Laplacian of the connection V'. For A > 0, we denote by (1*^ £") C il*{M, E) the image 

of the spectral projection nA',[o,A]j cf Subsection 16. 101 As in Subsection lll.2l we use the scalar product 
induced by and on Ct'^ ^^{M,E') to construct a metric || • ||';^ on T)ci{H'{M,E')) and we define 
the Ray-Singer metric on Det(if*(Af, £")) by the formula 

\\-\\lliH'iM,E')) ■■= MlA-rf,S^)(V')- (11-10) 

11.6. Comparison between the Ray-Singer metrics associated to a connection and to its dual. 
From ((10.8|l we conclude that 

A' = FoAoF. 

Hence, for each A > 0, = 0, . . . , d, 

F(f2jo,„(M,£;')) = n1-l^{M,E). (11.11) 

Recall that the notation h^{a A (3) was introduced in 1)10. Ifl . It follows from (|11.11|1 and HlO.lfl that the 
map 

{io'.u;)^ f h^iVLo'ALu), ojenio,^^{M,E), to' e%^^^iM,E') (11.12) 

J M 

defines a non-degenerate sesquilinear pairing between Cl'^ (M, E') and fi'p (A/, E) and, hence, identifies 
f2*(j (M, i?') with the dual space of il'^ (M, i?). Moreover, this identification preserves the scalar 
products induced by g^^ and on Cl'^ {M, E') and on the dual to Cl'^ [M, E). Hence, the anti-linear 
isomorphism (|10.4|l is an isometry with respect to the metrics || • \\\ and || • \\'^. In particular, 

||Pan(V)||A - ||a(pa„(V))||';,. 

It follows now from (|10.6I) that 

liPa„(V)||A = ||Pan(V')irA-e^-I-''(^^«"). (11.13) 

A verbatim repetition of the proof of Lemma 8.8 of |3 yields that for each A > 

Tfioo){^') = T('^'oo)(V). (11.14) 
Hence, from (|11.7f) . H11.10|) . and H11.13|l . we conclude that 

\\pU^)\\lUH'iMm = IIPa„(V')||gf,(^.(M,£;'))-^'"""''^^''"^- (11-15) 
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11.7. Direct sum of a connection and its dual. Let 

denote the flat connection on E (B E obtained as a direct sum of the connections V and V. Clearly, for 
each A > 0, 

From Lemma [4. 71 we obtain for A > 

P-,.J^^3'') = A*ff.(M,iJ),H.(M,i=;')(Pv,,(V,g^^)®p,^^^^^(V',/0)- (11-17) 
Hence, in view of l|7.15(l . (|8.5(l . and Definition 19.81 we obtain 

Pan(V) fJ.H'{ALE),H'(M,E'){Pan{'V) ® PanC^'))- (11.18) 

Let A = V*V + VV* be the Laplacian of the connection V and let fi'p E®E') denote the span of 

the eigenvectors of A corresponding to eigenvalues which are < A. As in Subsection lll.2l we use the scalar 
product induced by and on (1*^q^^^{M,E® E') to construct a metric || • |1^ on V)ci{H' {M , E ® E')) 
and we define the Ray-Singer metric on Det (iJ*(M, E £")) by the formula 

II ■ llDot(ff«(M,_E®_E')) II ■ IIa • r(A^oo)(^)- (11.19) 

Since 

i7fo,;,](M,i?®i?') = ^ll,^^^{M,E) ®%^x^{M,E'), 

it follows from the definition l|2.5|l of the fusion isomorphism that, for any h e H*{M,E) and h' e 
H'{M,E'), 

\\P'H'(M,E),H'(M,E')ih®h')\\l = ||/i||a- II/^'IIa- (11-20) 

Therefore, we obtain from (|11.18() 

||Pan(V)L = ||Pa„(V)||A-||Pan(V')||'A- (11-21) 

Since 

we conclude from (|11.19|l and pi. 211) that 

\\Ps^ni'^)\\ott{H'{M,E(BE')) = \\Pa-rii'^)\\l)et{H' {M,E)) ' \\Pii-T^i'^')\\D%{H' {M ,E')) ■ (11.22) 

Combining the later equality with IjlLlSfl . we get 

\\P^n{n\l%iH'iM,EeE')) - (IIPan(V)||gS^(^.(M,^)))^e-2-I-''(V.,-)_ (^^SS) 

Hence, (|11.8|l is equivalent to the equality 

\\pU^)\\%ct(,H'iM,EBE')) = 1- (11-24) 
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11.8. Deformation of the chirality operator. We will prove H11.24|l by a deformation argument. For 

t e [— 7r/2,7r/2] introduce the rotation Ut on 

fl' n'{M,E) © n'{M,E), 

given by 

/ cost — sint 
Ut = I 

\ smt cosi 

Note that U^^ = U-t- Denote by T{t) the deformation of the chirality operator, defined by 

^' * lo -r/ * lsin2i -cos2i/ ^ ^ 



Then 



r(0) = (l M , f (./4) =(11). (11.26) 



11.9. Deformation of the odd signature operator. Consider a one-parameter family of operators 
B{t) -.Q'^n'ite [-7r/2,7r/2]) defined by the formula 



Then 



and 



Hence, using (|10.8() . we obtain 



Set 



B{t) := T{t)V + Vr(t). (11.27) 



^(0) = ('q ) (11.28) 



Bin/^r = ( l) = ^- (11-30) 



n\{t) := Ker Vr(i); 
:= KcrV = KerVeKerV'. 

Note that is independent of t. Since the operators V and r{t) commute with B{t), the spaces 5^^(i) 
and 01 are invariant for B{t). 

Let I be an interval of the form [0, A], (A, /i], or (A, oo] (/i > A > 0). Denote 

where Hg^^ja j is the spectral projection of B{t)'^ corresponding to T, ci. Subsection lB.lUI For j = 0, . . . ,d, 

set nij-{t) = n^{t) n and 

n^^^{t) 17i(t)nl7^(t). (11.31) 
For each A > 0, t e (— 7r/2, 7r/2), the space oc)(^^ invariant by B^^'°°\t) and the operator 
B^^-°°\t) : ^lx^){t) -> f^(Aoo)(*) bijective. Since the range of the restriction of f(^)V to f^(;^^)(i) 
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is contained in fl*^ oo)(^) whereas the range of the restriction of Vr(t) to fl'-^ oo)(^) contained in 
n*_ it follows from the surjectivity of B^^^^^^t) that 

f^1,(A.oo)W + f^-,(A.oo)W - f^(A,oo)W, te h7r/2,^/2]. (11.32) 

Similarly, since the kernel of the restriction of Vr(t) to il*^ oo)(^) equal to il*^ oo)(^) whereas the 
kernel of the restriction of r(t)V to f2*^ oo)(^) equal to fl*^ oo)(^)' follows from the injectivity of 
that 

^U^,oc)it)ri^'-,ix,oc){t) ^ [-vr/2,V2]. (11.33) 

Combining pi.32|) and (|11.33|l we obtain 

f^(A,oo)W - f^;,(A,oo)W © f^-,(A.oo)W, <e [-7r/2,V2]. (11.34) 

We define Bjit), B^^Jt), B^^^{t), Bp^{t), Bt^t), B^f^{t), etc. in the same way as the corre- 
sponding maps were defined in Subsection l7.5l 

11.10. The graded determinant of the deformed odd signature operator. By Definitions 15.51 
and 16.131 for every I of the form [0, A], (A, /x], or (A, oo] (/x > A > 0), the graded determinant of Sjyg„(i) 
is given by the formula 

Det;,,,(^L„W) eLD<^.«(«?™nW), (11.35) 
where 9 is an Agmon angle for B^^^^^{t) and 

LDet;,,, (BLn(i)) := LDet', (i3+vi(i)) " LDet^ ( - B^^M ^ C. (11.36) 
Since T{t) commutes with Bit), we easily obtain 

Bp^{t) = f{t) o 4-4(0 o f{t), j^O,...,d. 
Therefore, H11.36|l can be rewritten as 

d 

LDet;,,, {Bl,^{t)) ^ (-1)^" LDet', ( (-1)^ Bp^{t)). (11.37) 

i=o 

Lemma 11.11. Suppose that 9 £ (— 7r/2,0) is an Agmon angle for the operator Seven''' (7r/4). Then, for 
each A > 0, 

I Detg,,, (Ce5rnV4)) I = ^^^^ (11.38) 

Proof. It follows from (|11.29|l that the operator Bcvcn\'^/'i) is self-adjoint. Hence, r/(0, Sovoi]°''(7r/4)) 
and C2e(0, Scvcri°^(7r/4)^) are real, cf., for example. Theorem A. 2 of |5j. Thus, from (|11.30|l . H11.37|l . and 
H6.38() . we conclude that 



Re LDetg,,e (Bg-'^H^/^)) ^ J E (-1)' ^Detse [ A^^--', ] 

\ • ' (11.39) 

= i^(-l)^LDet_.[Af-)| ]. 
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As on page 340 of [HI (see also section 8.4 of one shows that the right hand side of H11.39|l is equal 
to 



i5:(-ir+ijLDet_.[A;.^-)]. 



2 

Hence, equality H11.38|) follows from (|11.3|l and 1)11. 35|) . □ 

11.12. Deformation of the canonical element of the determinant line. Since the operators V and 
B{t)^ commute, the space i^x(i) is invariant under V, i.e., it is a subcomplex of Q,* . The same arguments 
as in the proof of Lemma 1^1^ show that, for every A > 0, the complex il'^^ oo)(^) acyclic and, hence, the 
cohomology of the finite dimensional complex fi'p ^ (t) is naturally isomorphic to 

H'{M,E(BE') ~ H'{M,E)® H'{M,E'). 

Let r[o.A](0 denote the restriction of r(t) to fi'g As T{t) and B{t)'^ commute, it follows that r[o.A](i) 

maps f2*Q onto itself and, therefore, is a chirality operator for fi'^ x^it)- Let 

(t) G Bet{H'iM,E®E')) (11.40) 

denote the refined torsion of the finite dimensional complex (51*q ^](i), V) corresponding to the chirality 

operator Fjo^A] (i) J cf. Definition 14.31 

For each t £ (— 7r/2, tt/2) fix an Agmon angle 6 — 9(t) G (— Tr/2, 0) for Beven{t) and define the element 
pit) e Dct ( H*{M, E®E')) by the formula 

p(t) Detg,.,,(^(^i-)(0)-p, (t), (11.41) 

where A is any non-negative real number. It follows from Proposition lS . 1 Ol that p{t) is independent of the 
choice of A > 0. 

11.13. The Ray-Singer norm of p{t). For t e [-7r/2, 7r/2], A > 0, set 

Ut,0) ■■= J^(-l)^+^jLDet246(^-r^(i)^ ], (11.42) 

J=0 l"?A,oo)<') 

Mt) viBgi,^\t)). (11.43) 

From (|6.16() . we see that Re^A(i, 0) is independent of the choice of the angle 9 e (— 7r/2, 0) such that both 
9 and 9 + n are Agmon angles for B{t). Hence, for any such angle 9 G (— 7r/2, 0), we obtain from H11.41fl 
and 

Mm^liH.iM^EeE-)) - II W • e'^^ \\ZiH.iM,EeE')) ' ' (11-44) 

Since the rank of the operator B'^vcn{t) is finite, ri(^B^vcn{t)) G ^Z. Hence, 

Im7?A(t) = Im(7/(^evon(i)) - '7 (^l.vc'J (*)) ) = Im 77(^cvon(t)) 

is independent of A > 0. We conclude now from 111.44() that 

II o (t) ■ e^^^*'**) 11^'^ 

" llDot(ff(7\/,_E®_E')) 

is independent of A > 0. 
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11.14. The Ray-Singer norm of p(0). By (lll.28|l . 

Since the operator B'S^cn°^ is invertible mo(Soion°'') — (see Subsection 16.151 for the definition of toq). It 
then foUows from the definition (|6.35|) of the ry-invariant that 



^(-Sel'r') = -viB'i^'r^). (11.45) 
Hence, using definition (|8.1|) of ri\{\/ ,g^^) and formula (|10.11|) for rjxiy' ,g^''), we get 

?7a(0) = Vxi'^.g^') - = 2*Im77A(V,/0- (11-46) 

Using again the invertibihty of ,Bcvcn^\ we obtain from (|6.38|) and 111.45|) (and H8.1|l and (|10.11|l '). that 

Det,,. ( - ) = Det,,, (S^^-) ) • e^-"'(«"<v--') 

= Det,,,(Slt-)).e2-^(v.^^^). 

Hence, from (|11.28|l . we get 

Detg,., (6(^-r'(0)) = Detg,,, (8^^^^^) ■ Detg,,, (6£-)) • e^-Tj.iv,,")^ 47) 

From (|11.28|l we conclude that ^^{0) ^ Q^^ ^](M, E) ® fl^^ ^^{M, E'). It follows now from (|11.26|) 
and H4.6|) that 

(0) = A^ff.(M,iJ),H.(M,B')(Pr,„ JV,/0®P-r,„ JV',g*^)). (11.48) 

From (|4.1|1 and definition H4.3fl of the element /?, we conclude that 

p_,^^^^(V',/^) = (-l)^^-«^''"''[o--i(*''^') •p,^^^^(V',5'0- (11-49) 
Hence, by (|11.20(l and l|11.48|l . we have 

lkf|„^j(o)('^)|lDct(if(Af,£;©£;')) " ll%,.Ai ^^'^*'^)llDct(if(A/,£;'))'"^r[o.Ai (^''5^^)llDot(ff'(Af,£;'))- (11-50) 

Combining (|11.41|l . pi.47|) . and (|11.5U|I with (|7.15|) and (|9.16|l (definition of the refined analytic 
torsion), we conclude that 

Hence, by (111.221) . 

\\pi^)\\l)ct{H'{M,E(BE')) = \\Pani^)\\Y)tt{H'{M,EeE')) ' ^'^'^^'^^^''^'^ ^- (11.52) 

11.15. The Ray- Singer norm of p(7r/4). Recall that the norm || - ||^ was defined in Subsection II 1.71 
From (|11.30|) and Lemma [4. 51 we obtain 

Hp- (7r/4)|L = 1. 

Hence, from Lemma [11.111 (lll.41f) . and (|11.19|) . we obtain 

1 1 RS 

lk(^/4)|lDct(ff.(A/,iJeiJ')) = (^^-^^^ 
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11.16. Proof of Theorem ITOl From (|11.44|l . (|11.46|l . and (|11.52|l . we obtain 

ll^rj^^,(0)W ■^^^^*''^MlDot(H'(Af,BeB')) " llDot(i/' (M,£;©E')) ' (11.54) 

By (|11.29|) . the operator Scvon°''(7r/4) is self- adjoint. Hence, ri\{iT/A) e M. Therefore, we get from 
H11.44|l and H11.53|) that 

II ■ ^'^^^^'^'^ llDet(«.(M.e.')) = 1- (11-55) 

From (|11.54() and (|11.55|l we conclude that in order to prove (|11.24|l ( and, hence, (|11.8() ) it suffices to 
show that 

II o (t) ■ e«^(*'^) 11^'^ fll 56) 

" f[o.A] (') ^ llDot(ff'(M,_E©_E')) l^ii.ODj 

is independent of t. 

Fix to G [^^/2,7r/2] and let A > be such that the operator yBcvcn(^o)^ has no eigenvalues with 
absolute value A. Choose an angle 6 E (— 7r/2, 0) such that both 9 and 6 + Tr are Agmon angles for B{to). 
Then there exists i5 > such that for all t & {to — 6, to + S) H [~tt/2, n/2], the operator Bcvcn{t)^ has no 
eigenvalues with absolute value A and both 9 and 9 + tt are Agmon angles for B{t). 

A verbatim repetition of the proof of Lemma [9.21 shows that 

^p^ Jt)-e^^^'^'>'> = 0. (11.57) 

dt ^(O.A] w 

Hence, (|11.56|l is independent of t. □ 
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